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Abstract

For twist maps of the annulus and Tonelli Hamiltonians, two linear bundles, the
Green bundles, are defined along the minimizing orbits.

The link between these Green bundles and different notions as: weak and
strong hyperbolicity, estimate of the non-zero Lyapunov exponents, tangent
cones to minimizing subsets, is explained.

Various results are deduced from these links: the relationship between the
hyperbolicity of the Aubry-Mather sets of the twist maps and the C

1-regularity
of their support, the almost everywhere C

1-regularity of the essential invari-
ant curves of the twist maps, the link between the Lyapunov exponents and
the angles of the Oseledec bundles of minimizing measures, the fact that C

0-
integrability implies C

1-integrability on a dense Gδ-subset.
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1. Introduction

In the study of twist maps or optical Hamiltonians, mathematicians have stud-
ied the orbits that can be found via minimization for a long time: an action
is associated with such a dynamical system, and an orbit piece corresponds to
a critical point of the action. For example, a way to find periodic orbits is to
minimize the action among the periodic arcs (for Hamiltonians) or sequences
(for twist maps).
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More recently, the existence of some globally minimizing orbits has been
proved, i.e. the existence of orbits that minimize the action along all the in-
tervals of time. In the case of twist maps, these orbits are contained in some
minimizing sets (i.e. sets filled with minimizing orbits) called Aubry-Mather
sets, which were independently discovered in the 80’s by S. Aubry & P. Le
Daeron and J. Mather. In the case of the so-called Tonelli Hamiltonians, their
existence was proved by J. Mather in the 90’s when he proved the existence
of minimizing measures. In the case of a Tonelli Hamiltonian of a cotangent
bundle T ∗M , some minimizing sets similar to the Aubry-Mather sets, called
Aubry sets, also exist.

To have an idea of what these Aubry-Mather sets may be, let us consider the
case of a completely integrable twist map of A = T×R: f : (q, p) → (q+dτ(p), p).
Then the annulus is foliated by invariant circles {p = C}, which are the Aubry-
Mather sets. If we slightly perturb f , a lot of these invariant curves will persist
(this is a consequence of the K.A.M. theorems), but some others will become
smaller invariant sets, Cantor sets or periodic orbits; these three kinds of sets are
Aubry-Mather sets; in a certain way, they are the ghosts of the initial invariant
circles.

In the case of a generic twist map of the annulus, a result due to Patrice Le
Calvez states that the majority of Aubry-Mather sets are hyperbolic (see [30]).
No such result is known for the Tonelli Hamiltonians.

In the case of twist maps, too, we know that some non-hyperbolic Aubry-
Mather sets, the K.A.M. curves, may persist after perturbation.

We can then ask ourselves:

Question 1. is there a means of distinguishing between the hyperbolic and the
non hyperbolic Aubry or Aubry-Mather sets? Is there a means of seeing the
Lyapunov exponents of a minimizing measure when knowing only the measure
and not the dynamic?

For the twist maps, there are three kinds of Aubry-Mather sets:

– the invariant curves, which are never uniformly hyperbolic;

– the periodic orbits, which may be hyperbolic or non hyperbolic; there is, of
course, no way to distinguish between a hyperbolic and a non hyperbolic
finite orbit if we only know the orbit;

– the Cantor sets, which may be hyperbolic or non hyperbolic; we will give
a way to distinguish between hyperbolic and non hyperbolic Cantor sets.

Hence, in the case of twist maps, we obtain a criterion to decide if an Aubry-
Mather set is hyperbolic or not, without knowing the dynamic. To be a little
more precise, we define a notion of C1-regularity for the subsets of a manifold,
and we prove that hyperbolicity is equivalent to C1-irregularity. In the case of
Tonelli Hamiltonians, we will see that this result is no longer true, but a partial
result subsists.
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The main tool to prove this kind of result is what is called the pair (G+, G−)
of Green bundles that are defined along every minimizing orbit. These La-
grangian bundles were introduced by L. Green in 1958 in [26] for geodesic flows
to prove some rigidity results. More precisely, the existence of only one La-
grangian invariant bundle transverse to the vertical (for example one Green bun-
dle) is required in order to obtain some rigidity results in Riemannian geometry.

Then these Green bundles were used to characterize the Anosov geodesic
flows (see [16], and [29] for related results). In this article, we will be interested
in this kind of more dynamical result.

We will introduce the Green bundles, give their main properties and ex-
plain what kind of results were recently obtained through their use. Roughly
speaking, the Green bundles are the limits of the successive images of the “ver-
ticals”. Let us mention that in the 30’s, G. Birkhoff already used the images of
the verticals to obtain some a priori inequalities for the invariant curves of twist
maps, i.e. to obtain some Lipschitz regularity results. We will speak of the rela-
tions between Green bundles and hyperbolicity, Green bundles and Lyapunov
exponents and Green bundles and regularity.

The main definitive results that we give are:

• the characterization of the weak (strong) hyperbolicity of the minimizing
measures of twist maps by the C1-irregularity of their support (section
5); this gives a way to see hyperbolicity;

• for the minimizing measures, the link between the positive Lyapunov
exponents and the angle between the Oseledec bundles (section 3); this
relation is specific to the case of a twisting dynamical system and doesn’t
exist for general dynamical systems; this is a way to see the Lyapunov
exponents;

• some regularity results for the invariant graphs that are C0-Lagrangian
when we make some dynamical assumptions (see section 4). Roughly
speaking, we will see that a slow dynamic implies some regularity.

Let us give the outline of this article:

• in section 2, we recall some well-known facts concerning the twist maps
and the Tonelli Hamiltonians, construct the Green bundles, and prove
that uniform hyperbolicity is equivalent to the transversality of the Green
bundles;

• in section 3, we characterize the number of zero Lyapunov exponents of
a minimizing measure by way of the dimension of the intersection of the
two Green bundles, and we give some estimates of the non-zero Lyapunov
exponents via the angle between the Oseledec bundles;

• in section 4, we explain the relationship between the Green bundles and
some cones that are tangent to the minimizing subsets. We deduce some
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regularity results such as: every continuous invariant graph of a twist
map is C1 almost everywhere; every C0-integrable Tonelli Hamiltonian is
C1-integrable on an invariant dense Gδ-subset;

• in section 5 we give a complete explaination of the case of the Aubry-
Mather sets of twist map: if they have no isolated point, their (weak or
uniform) hyperbolicity is equivalent to their C1-irregularity;

• in section 6, we give an overview of weak KAM theory;

• in section 7, we explain the link between the weak KAM solutions and the
Green bundles. We deduce that the support of any minimizing measure all
of whose Lyapunov exponents are zero is almost everywhere C1-regular.

Let us mention that twist maps and Tonelli Hamiltonians appear in numer-
ous problems issued from physics: motivated by the restricted 3-body problem,
H. Poincaré introduced the twist maps at the end of the 19th century. More-
over, all the mechanical systems, that correspond to a Hamiltonian that is the
sum of a kinetic energy and a potential energy are Tonelli Hamiltonian (N-body
problems, simple pendulum. . . ).

2. Green Bundles and Uniform Hyperbolicity

In this section, we will define the two Green bundles along locally minimizing
orbits and prove that their transversality implies some hyperbolicity.

2.1. Well-known facts for twist maps. A twist map of the annulus
A = T × R is a C1-diffeomorphism f : (q, p) → (Q,P ) of A that is is isotopic
to identity, satisfies the twist condition:

(twist): for any lift F : R
2 → R

2 of f , if we write: F (x, y) = (X,Y ), then the
map: (x, y) → (x,X(x, y)) is a C1 diffeomorphism; and has a global generating
function S : A → R i.e. such that: PdQ − pdq = dS.

The inverse of a twist map is a twist map. The twist map f is positive if the
map (x, y) → (x,X(x, y)) is orientation preserving.

In general , the generating function is expressed in the lifted coordi-
nates (x,X): s(x,X) = S ◦ p(x, y) where p : R

2 → A is the covering
map. We can associate the action functionals An,m with this generating func-
tion: given a sequence (xn, . . . xm) of points of R, its action is defined by:

An,m(xn, . . . , xm) =

m−1
∑

k=n

s(xk, xk+1). Then (xn, . . . , xm) is the projection of an

orbit segment of F on the x-axis if, and only if, it is is a critical point of An,m

restricted to the space of sequences (zn, . . . , zm) with fixed endpoints: zn = xn

and zm = xm. In this case the corresponding orbit segment is (xk, yk)n≤k≤m

where yk = ∂s
∂X

(xk−1, xk) = − ∂s
∂x

(xk, xk+1). A bi-infinite sequence (xk)k∈Z is
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(globally) minimizing if for any [n,m] ⊂ Z, (xk)n≤k≤m minimizes the action
with fixed endpoints. In this case, it is the projection of a unique orbit of F ,
and we usually say that the corresponding orbit of f is minimizing. We say
that (xk)k∈Z is locally minimizing if, for any [n,m] ⊂ Z, (xk)n≤k≤m locally
minimizes the action with fixed endpoints.

In the 80’s, J. Mather and S. Aubry & P. Le Daeron proved the existence of
minimizing orbits (see [5], [34]). Moreover, they proved that every such minimiz-
ing orbit is contained in an invariant compact Lipschitz graph above a part of T

that is the union of some minimizing orbits. These Lipschitz graphs are called
Aubry-Mather sets. A very important property of these Aubry-Mather sets is
that the projected dynamic (on T) of the dynamic restricted to one of these
Aubry-Mather set is the restriction of an orientation preserving bi-Lipschitz
homeomorphism of the circle. Hence, we can associate a rotation number with
such an Aubry-Mather set. We don’t give a precise definition here because we
won’t need it, but the reader can find more details in [25].

Let us recall that an invariant probability µ is ergodic if the µ-measure
of every invariant subset is 0 or 1. An ergodic Borel probability measure with
compact support is said to be minimizing if its support contains only minimizing
orbits. Then its support is an Aubry-Mather set.

2.2. Well-known facts for Hamiltonians. We may define Tonelli
Hamiltonians on the cotangent bundle of any closed manifold, but to avoid some
complications in the choice of the coordinates ( via a Riemannian connection),
we will assume that the manifold is T

d. Then T
d is endowed with its usual flat

Riemannian metric and we denote by π : (q, p) ∈ T
d × R

d → q ∈ T
d the usual

projection. A Tonelli Hamiltonian of T
d×R

d is a C3 map H : T
d×R

d → R that
is super-linear in the fiber and C2 strictly convex in the fiber (i.e. the Hessian
Hp,p is positive definite at every point).

This Hamiltonian defines a Hamiltonian flow (ϕt) on T
d × R

d, solution to
the Hamilton equations:

q̇ =
∂H

∂p
(q, p); ṗ = −

∂H

∂q
(q, p).

Let us point out a nice interpretation of the convexity assumption: if V (q, p) =
ker Dπ(q, p) ⊂ T(q,p)(T

d × R
d) is the linear vertical, for all small enough t, the

image DϕtV (q, p) of a vertical by the linearized flow is a Lagrangian subspace
transverse to the vertical, a graph of a symmetric matrix, st(ϕt(q, p)), close to
1
t

∂2H
∂p2 (q, p); moreover, as long as these images are transverse to the vertical, the

family (st(q, p)) is decreasing for the natural order of the symmetric matrices.

We can associate its Legendre map L : T
d × R

d → T
d × R

d, defined by:
L(q, p) = (q, ∂H

∂p
(q, p)) with such a Tonelli Hamiltonian. This Legendre map

is a C2-diffeomorphism. We can define too the Lagrangian L : T
d × R

d → R
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associated with H, defined by:

L(q, v) = max
p∈T∗

q M
(p.v − H(q, p)) = L−1(q, v).v − H ◦ L−1(q, v).

The function L is then as regular as H is and γ : I → M is the projection of an
orbit segment of the Hamiltonian flow of H if, and only if, (γ, γ̇) is a solution
to the Euler-Lagrange equations associated with L:

q̇ = v;
d

dt

(

∂L

∂v
(q, v)

)

=
∂L

∂q
(q, v).

In this case, the corresponding orbit for the Euler-Lagrange flow (ft) is given
by: t → (γ(t), γ̇(t)) and the corresponding orbit for the Hamiltonian flow is:
t → L−1(γ(t), γ̇(t)). Hence, the two flows are conjugated by L.

An arc γ : [a, b] → T
d gives a solution (γ, γ̇) to the Euler-Lagrange equations

if and only if it is a critical point of the Lagrangian action: A(γ) =
∫ b

a
L(γ, γ̇)

restricted to the set of C1 arcs with fixed endpoints. We say that γ : R → T
d

is a minimizer if for any segment [a, b], γ|[a,b] minimizes the Lagrangian action
among the C1-curves having the same endpoints. We say that γ is a local min-
imizer if for any segment [a, b], γ|[a,b] is a local (for the C0-topology) minimizer
of the action defined on the set of C1-arcs with fixed endpoints. The corre-
sponding orbits will be called (locally) minimizing orbits. J. Mather proved the
existence of minimizing orbits in [35], and the existence of minimizing measures
with compact support, which are ergodic invariant Borel probability measures
whose support contains only minimizing orbits.

A classical result asserts that a curve γ : [a, b] → T
d is locally minimizing if,

and only if, γ is a solution to the Euler-Lagrange equations and L−1(γ, γ̇)|]a,b[

has no conjugate points; two points x, y ∈ T
d ×R

d are conjugate if t 6= 0 exists
so that ϕt(x) = y and DϕtV (x) ∩ V (y) 6= 0.

A way to obtain a lot of locally minimizing measures and orbits is to use
the so-called modified Lagrangians: if η is a closed 1-form of T

d, then L−η has
the same Euler-Lagrange flow as L but not the same minimizing orbits. Hence,
the two flows have the same locally minimizing orbits (because they have the
same pairs of conjugate points) but not the same minimizing orbits. Using a
lot of cohomologically different 1-forms, one finds a lot of locally minimizing
orbits and measures.

2.3. Construction of the Green Bundles, first properties.
There is a canonical way to identify T(q,p)(T

d × R
d) with R

d × R
d. In these

coordinates, we have V (q, p) = {0} × R
d; a Lagrangian subspace is said to be

horizontal if it is transverse to the vertical and h(q, p) = R
d × {0} is such a

horizontal subspace. Let us recall that the graph of a linear map S : h(q, p) →
V (q, p) is Lagrangian if, and only if, S is symmetric.

In the tangent space along a locally minimizing orbit, we may define two
invariant horizontal Lagrangian bundles, called the Green bundles. These bun-
dles were introduced by L. Green in in 1958 in [26] for geodesic flows. P. Foulon
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extended the construction to the Finsler metrics in [21] and G. Contreras &
R. Iturriaga built them for any Tonelli Hamiltonian in [14]. The construction
for the twist maps of the annulus, and more generally for the twist maps of
T

d × R
d is due to M. Bialy & R. MacKay (see [9])

The method is the following. We consider a locally minimizing orbit (xt)
where t is a real number or an integer, and at x0 we construct the family of
Lagrangian subspaces that are the images of the verticals by the linearized dy-
namical system: Gt(x0) = DϕtV (x−t) where (ϕt) designates the Hamiltonian
flow or the positive twist map. Because the orbit is minimizing, it has no con-
jugate points and then all the Gt(x0) for t 6= 0 are transverse to the vertical.
There is a natural partial order for the Lagrangian subspaces that are trans-
verse to the vertical. On the annulus, this order is the usual order between
the slopes of the lines. In higher dimensions, it corresponds to the usual or-
der for the symmetric operators associated with Lagrangian subspaces that we
have just defined. For this relation, the family (Gt)t>0 is a decreasing family
of Lagrangian subspaces and (G−t)t>0 is an increasing family. Moreover, we
have: ∀u, t > 0, G−u(x0) ≤ Gt(x0). We have then an increasing sequence of
Lagrangian subspaces bounded from above and a decreasing one bounded from
below. We can take the limit and define the two Green bundles:

G−(x0) = lim
t→+∞

G−t(x0); G+(x0) = lim
t→+∞

Gt(x0).

These two bundles are Lagrangian, invariant, transverse to the vertical and
satisfy:

∀t > 0, G−t(x0) < G−(x0) ≤ G+(x0) < Gt(x0).

Being the limits of monotone sequences of continuous bundles, these bundles
are semicontinuous (see [1], [3]): G− is lower semicontinuous and G+ is upper
semicontinuous.

Remark. In the case of a Tonelli Hamiltonian, an orbit has no conjugate points
if, and only if, there exists an invariant Lagrangian sub-bundle F along this
orbit that is transverse to the vertical. In this case, we have along the orbit:
G− ≤ F ≤ G+.

2.4. A dynamical criterion and some consequences. The or-
bit (xt) being locally minimizing and relatively compact, there is a classical
result that gives a way to prove that some vectors are in one of the two Green
bundles:

Proposition 1 (dynamical criterion). Let v ∈ Tx0
(Td × R

d). Then:

– if v /∈ G−(x0), then lim
t→+∞

‖Dπ ◦ Dϕt.v‖ = +∞;

– if v /∈ G+(x0), then lim
t→+∞

‖Dπ ◦ Dϕ−t.v‖ = +∞.



8 M.-C. Arnaud

Proof. To prove the first point of the proposition, we express the matrix of Dϕt

in the global coordinates of R
d × R

d. Then, we use a linear symplectic change
of coordinates along the orbit so that the “horizontal subspace” becomes G−.
Because G− is between G−1 and G1, which depend continuously on x, this
change of coordinates is bounded. Then in these coordinates the matrix of
Dϕt(x0) is:

Mt(x0) =

(

−bt(x0)s−t(x0) bt(x0)
0 st(xt)bt(x0)

)

where Gt(x), which is Lagrangian, is the graph of the symmetric matrix st(x).
The matrix being symplectic, we have: tbt(x0)st(xt)bt(x0) = −(s−t(x0))

−1. As
(st(xt))t≥1 is bounded by s−1 and s1 and as (s−t(x0))t>0 tends to 0 from below
when t tends to +∞, we deduce that lim

t→∞
m(bt) = +∞ where m(b) = ‖b−1‖−1

designates the conorm of b. From this we deduce immediately that if a vector
v = (v1, v2) is not in G−, i.e. if v2 6= 0, then: lim

t→+∞
‖Dπ ◦ Dϕt.v‖ = +∞.

Remark.

1) We deduce from the dynamical criterion that in the Hamiltonian case, the
Hamiltonian vector-field XH belongs to the two Green bundles. Because
these two Green bundles are Lagrangian, this implies that G+ and G−

are tangent to the Hamiltonian levels {H = c}.

2) Moreover, we deduce, too, that if there is an Oseledec splitting (this will
be defined precisely in section 3), T (Td × R

d) = Es ⊕ Ec ⊕ Eu above a
invariant compact set K without conjugate points, then Es ⊂ G− and
Eu ⊂ G+. Because the flow is symplectic, Eu and Es are isotropic and
orthogonal to Ec for the symplectic form (see [10]). We deduce that G− ⊂
Es⊕Ec, G+ ⊂ Eu⊕Ec and then G−∩G+ ⊂ Ec. Hence, G−∩G+, being an
isotropic subspace of the symplectic subspace Ec, we obtain: dimEc ≥
2 dim(G− ∩ G+). The dimension of the intersection of the two Green
bundles gives a lower bound of the number of zero Lyapunov exponents.
We will soon prove that this inequality is, in fact, an equality.

We have the same results for a hyperbolic or partially hyperbolic dy-
namic. Let us notice that in the hyperbolic case, G− (resp. G+) is nothing
else but the stable (resp. unstable) bundle Es (resp. Eu).

3) Let us consider the case of a K.A.M. torus that is a graph: the dynamic
on this torus is C1 conjugated to a flow of irrational translations on the
torus T

d; M. Herman proved in [28] that such a torus is Lagrangian, and it
is well-known that any invariant Lagrangian graph is locally minimizing.
Then the orbit of every vector tangent to the K.A.M. torus is bounded,
and belongs to G− ∩ G+. In this case, the two Green bundles are equal
to the tangent space of the invariant torus.
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The dynamical criterion is the key argument for proofs of hyperbolicity
results. In [16] , [21], [14], the authors prove that if there is no conjugate points
in a whole energy level and if the Green bundles are transverse in the tangent
space of the energy level, then the flow restricted to this energy level is Anosov.
In fact, we may extend these results to the locally minimizing subsets. Let us
recall: a subset K ⊂ A that is invariant by a twist map f is hyperbolic if along
K there is an Df -invariant splitting TxA = Es ⊕ Eu so that along the stable
bundle Es, Df is uniformly contracting and along the unstable bundle Eu,
Df is uniformly expanding. A subset K ⊂ T

d × R
d is partially hyperbolic for

the Tonelli flow (ϕt) if there is an invariant splitting Es ⊕ Ec ⊕ Eu such that
Dϕt|Es is uniformly contracting, Dϕt|Eu is uniformly expanding and Dϕt|Ec is
less contracting than Dϕt|Es and less expanding than Dϕt|Eu .

For an Hamiltonian flow, as the flow direction and the energy direction are
in Ec, we always have: dim Ec ≥ 2.

Theorem 2 (Green bundles and uniform hyperbolicity). Let K be a compact
invariant locally minimizing set. Then:

• in the case of a twist map, K is hyperbolic if, and only if, at all points of
K, G+ and G− are transverse;

• in the case of a Hamiltonian flow, if K contains no singularity, K is
partially hyperbolic with a center bundle with dimension 2 if, and only if,
at all points of K, G− and G+ are transverse in the energy level.

Proof. Let us outline the ideas of the proof in the direct sense in the case of
transversality of the Green bundles (for example for twist maps). In the Hamil-
tonian case, where these two bundles are not transverse in the whole tangent
space, we restrict and reduce the dynamic to obtain a symplectic cocycle on
TE/RXH where E designates the energy level: for this symplectic reduced cocy-
cle, there exist two reduced Green bundles that are transverse (see [2]). Hence,
we only have to prove the result for transverse Green bundles and symplectic
cocycles.

In this case, the dynamical criterion implies that the cocycle is quasi-
hyperbolic, i.e. that the orbit of any non null vector under the cocycle is
unbounded. Quasi-hyperbolic dynamics (or more precisely quasi-Anosov dy-
namics) were studied by R. Mañé in [31]. Quasi-Anosov dynamics that are
not Anosov exist (see [22], [38]), but we proved in [3] that a quasi-hyperbolic
symplectic cocycle is hyperbolic. The proof mainly uses the original ideas of
Mañé.

Remark. We have seen that in the hyperbolic case, the Green bundles G−, G+

are equal to the stable/unstable bundles Es, Eu. We have seen, too, that along
a KAM curve, the two Green bundles are equal. We deduce from these remarks
and from the fact that the two Green bundles are semicontinuous that: if T is a
KAM curve and if ε > 0 is a positive number, a neighborhood U of T exists so
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that along any hyperbolic invariant locally minimizing set K contained in U ,
the two Oseledec bundles Es and Eu are ε-close to each other. In section 3, we
will give a refinement of these remarks by giving some inequalities between the
Lyapunov exponents and the angle between the stable and unstable Oseledec
bundles.

3. Non-Uniform Hyperbolicity, Estimations of

the Lyapunov Exponents of Minimizing

Measures

In this section, we will speak of the link between the angle of the two Green
bundles and the Lyapunov exponents of a locally minimizing measure.

If K is an invariant subset of a Tonelli flow or twist map denoted by (ϕt),
we will say that there is an Oseledec splitting on K if there exist λ1 < · · · < λm

and an invariant splitting T (Td×R
d) = E1⊕· · ·⊕Em with constant dimensions

above K so that:

∀x ∈ K,∀i ∈ [1,m],∀v ∈ Ei(x), lim
t→+∞

1

t
log ‖Dϕtv‖ = lim

t→−∞

1

t
log ‖Dϕtv‖ = λi.

The Lyapunov exponents are then the λi. The stable bundle is Es =
⊕

λi<0

Ei,

the center bundle is Ec =
⊕

λi=0

Ei and the unstable bundle is Eu =
⊕

λi>0

Ei.

The integer dimEi is the multiplicity of λi. In the symplectic case, 0 always
has an even multiplicity, and the Lyapunov exponents λ and −λ have the same
multiplicity. In the symplectic case, Es and Eu are isotropic for the symplectic
form and Ec is symplectic and orthogonal to Es ⊕ Eu (see [10]).

Oseledec’s theorem ([37]) asserts: if µ is an invariant ergodic Borel proba-
bility with compact support of (ϕt), then there exists an invariant subset K
with full µ-measure so that there exists an Oseledec splitting on K. The corre-
sponding Lyapunov exponents are called the Lyapunov exponents of µ.

In the case of a discrete dynamical system, we say that the measure µ
is weakly hyperbolic if all its Lyapunov exponents are non zero. If (ϕt) is a
symplectic flow, then the multiplicity of the exponent zero is at least 2 (in the
directions of the flow and of the energy), and we say that the measure is weakly
hyperbolic if dim Ec = 2. In this case, the extended stable and unstable bundles
are Ẽs = Es⊕RXH and Ẽu = Eu⊕RXH where XH designates the vector-field.

3.1. The link between the Green bundles and the number
of zero Lyapunov exponents. Let us now consider a minimizing mea-
sure. Because we have assumed that we are only looking at ergodic measures,
we can associate its Lyapunov exponents with such a measure. Because the dy-
namic is symplectic, the number of positive exponents is equal to the number
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of negative exponents, and the number of zero exponents is even. We obtain in
[3] and [2] the following result:

Theorem 3. Let µ be a minimizing measure. Then µ has exactly 2ρ zero
Lyapunov exponents if, and only if, at µ-almost every point, we have: dim(G−∩
G+) = ρ.

Proof. We assume that µ is a minimizing measure. The map (q, p) →
dim(G−(q, p) ∩ G+(q, p)) being measurable, invariant and µ being ergodic, it
is constant almost everywhere. We denote its value by ρ. Let us assume for a
while that ρ = 0. We use then some coordinates analogous to the ones used in
the proof of proposition 1, but our “horizontal bundle” is now G+. Let us recall
that the matrix of the linearized dynamic in these coordinates is:

Mt(x0) =

(

−bt(x0)s−t(x0) bt(x0)
0 st(xt)bt(x0)

)

We denote by s±(x) the symmetric matrix whose Green bundle G± is the graph.
Then s+ = 0 and the matrix s− is negative definite almost everywhere.

If the time is continuous, i.e. if the dynamical system is a Hamiltonian flow
(ϕt), there exists a time τ > 0 such that µ is ergodic for the map ϕτ . We
may assume that τ = 1 and from now we work on with the discrete dynamical
system (ϕk)k∈Z.

Using an Egorov theorem, we find for every ε > 0 a measurable subset
Jε of T

d × R
d and two constants β > α > 0 so that µ(Jε) > 1 − ε, (m(bn))

tends uniformly to +∞ on Jε, and: ∀x ∈ Jε, β1 ≥ −s−(x) ≥ α1 where 1

designates the (symmetric) matrix of identity. Then we choose N ≥ 0 such
that ∀x ∈ Jε,∀n ≥ N,m(bn(x)) ≥ 2

α
.

Using the Birkhoff ergodic theorem, we know that for long intervals of time,
the orbit piece of almost every point of Jε comes back into Jε in a proportion
of time bigger than 1 − 2ε. We deduce that there is, in such an orbit piece, a
proportion bigger than 1−2ε

N
of points that belong to Jε and that correspond

to times whose difference is more than N . If x0 ∈ Jε is a generic point for µ
and if we denote by m1 < m2 < · · · < mn < . . . the return times in Jε so
that mn+1 − mn ≥ N , because the term −bn(x0)s−n(x0) is multiplicative, for
a big enough n, we find that m(−bmn

smn
(x0)) is greater than the product of

n ≥ 1−2ε
N

.mn terms greater than α. 2
α

= 2. Hence, for almost every point of

Jε and for a big enough n, we obtain: m(−bmn
smn

(x0)) ≥
(

2
1−2ε

N

)mn

. This

implies that µ has at least d Lyapunov exponents greater than 1−2ε
N

log 2 > 0
and finishes the proof in this case.

If ρ 6= 0, we have seen that µ has at least 2ρ zero exponents. Then, we
consider the restricted-reduced cocycle on (G+ + G−)/G− ∩ G+ and we prove
that it is a symplectic cocycle whose Green bundles are transverse µ almost
everywhere. We apply the previous result to find 2(d − ρ) positive Lyapunov
exponents.
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3.2. Lower and upper bounds for the positive Lyapunov
exponents in the Hamiltonian case. In the case of ergodic measures
of a geodesic flow with support filled by locally minimizing orbits, i.e. in the
case of measures with no conjugate points, A. Freire and R. Mané proved in
[23] a nice formula for the sum of the positive exponents (see [21] and[14] too).
A slight improvement of this formula gives:

Theorem 4. Let µ be a Borel probability measure with no conjugate points that
is ergodic for the Hamiltonian flow. If G+ is the graph of U and G− the graph
of S, the sum of the positive Lyapunov exponents of µ is equal to:

Λ+(µ) =
1

2

∫

tr

(

∂2H

∂p2
(U − S)

)

dµ.

Hence, we see that the more distant the Green bundles, the greater is the
sum of the positive Lyapunov exponents. This gives an upper bound to the pos-
itive Lyapunov exponents. A similar statement was given in the (non published)
thesis of G. Kniepper.

We can be more precise by introducing a notion of symplectic angle:

Definition. Let F , G be two Lagrangian subspaces of a symplectic linear space
(E,ω) endowed with an adapted scalar product. The greatest angle between F
and G is defined by:

β(F,G) = max
(v,w)∈(F\{0})×(G\{0})

ω(v, w)

‖v‖.‖w‖
.

This angle is equal to 0 if, and only if, F = G. Otherwise, it is positive. In
particular, for a weakly hyperbolic measure, if Ẽs = Es⊕RXH and Ẽu = Eu⊕
RXH are the enlarged stable and unstable bundles of the Oseledec splitting,
their greatest angle is positive.

To obtain some precise estimates of Λ+(µ) by using this angle, we need
some notations:

Notations. If C > 0 is a real number and K ⊂ T
d × R

d is a compact subset,
we denote by HC(K) the set of Tonelli Hamiltonians such that:

∀x ∈ K,∃t, u ∈]0, 1], st(x) ≤ C1 and s−u(x) ≥ −C1;

where st is the matrix of Gt and 1 denotes the matrix of identity.
Hence, we say that the elements of HC(K) have a minimal twist of the

vertical in K.

An easy consequence of theorem 4 is a formulation using the greatest angle:

Corollary 5. Let H ∈ HC(K) be a Tonelli Hamiltonian and let µ be a weakly
hyperbolic ergodic Borel probability measure whose support in contained in K
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and has no conjugate points. Then:

1

2

∫

m

(

∂2H

∂p2

)

β(Ẽs, Ẽu)dµ ≤ Λ+(µ) ≤
d(1 + C2)

2

∫

Tr

(

∂2H

∂p2

)

.β(Ẽs, Ẽu)dµ

where Tr(b) designates the trace of b and m(b) = ‖b−1‖−1 the conorm of b.

Proof. A consequence of the linearized Hamilton equations is that if the graph
G of a symmetric matrix G is invariant by the linearized flow, then any infini-

tesimal orbit (δq,Gδq) satisfies the following equation: δq̇ = (∂2H
∂p2 G + ∂2H

∂q∂p
)δq.

Hence, we have: d
dt

det(Dπ ◦Dϕt|G) = tr(∂2H
∂p2 G+ ∂2H

∂q∂p
) det(Dπ ◦Dϕt|G); we

deduce: 1
T

log det(Dπ ◦ DϕT |G(q, p))

=
1

T
log det(Dπ(q, p)|G) +

1

T

∫ T

0

tr

(

∂2H

∂p2
G +

∂2H

∂q∂p

)

(ϕt(q, p))dt.

Via ergodic Birkhoff’s theorem, we deduce for (q, p) generic that:

lim inf
T→+∞

1

T
log det(Dπ ◦ DϕT |G(q, p)) =

∫

tr

(

∂2H

∂p2
G +

∂2H

∂q∂p

)

dµ.

Moreover, we know that Es ⊂ G− ⊂ Es⊥ = Ec ⊕ Es and that Eu ⊂ G+ ⊂
Eu⊥ = Ec ⊕ Eu. Hence, the sum of the Lyapunov exponents of the restricted
cocycle (Dϕt|G+

) is exactly Λ+(µ) and the sum of the Lyapunov exponents of
the restricted cocycle (Dϕt|G−

) is Λ−(µ) = −Λ+(µ). Then we have:

Λ+(µ) =

∫

tr

(

∂2H

∂p2
U +

∂2H

∂q∂p

)

dµ and −Λ+(µ) =

∫

tr

(

∂2H

∂p2
S +

∂2H

∂q∂p

)

dµ

We obtain the conclusion by subtracting the two equalities.

We obtain, too, a lower bound for the smallest positive Lyapunov exponent.
To explain this, we need a notation:

Notations. If S is a positive semidefinite matrix, then q+(S) is its smallest
positive eigenvalue.

Theorem 6. Let µ be a measure with no conjugate points and with at least
one non zero Lyapunov exponent; then its smallest positive Lyapunov exponent

λ(µ) satisfies: λ(µ) ≥ 1
2

∫

m(∂2H
∂p2 ).q+(U − S)dµ.

Hence, the gap between the two Green bundles gives a lower bound of the
smallest positive Lyapunov exponent. It is not surprising that when Es and Eu

collapse, the Lyapunov exponents are 0. What is more surprising and specific
to the case of Tonelli Hamiltonians is the fact that the bigger the gap between
Es and Eu is , the greater the Lyapunov exponents are: in general, along a
hyperbolic orbit, you may have a big angle between the Oseledec bundles and
some very small Lyapunov exponents.



14 M.-C. Arnaud

Proof. Let µ be an ergodic Borel probability measure with no conjugate points;
its support K is compact and H belongs to some HC(K). We choose a point
(q, p) that is generic for µ and (δq, Uδq) in the Oseledec bundle corresponding
to the smallest positive Lyapunov exponent λ(µ) of µ. Using the linearized
Hamilton equations, we obtain:

d

dt
((δq(U − S)δq) = δq(U − S)

∂2H

∂p2
(qt, pt)(U − S)δq.

Hence:
d

dt
((δq(U − S)δq) ≥ m

(

∂2H

∂p2

)

q+(U − S)δq(U − S)δq;

and: 2
T

log(‖δq(T )‖) + log 2C
T

≥ 1
T

log(δq(T )(U − S)(qT , pT )δq(T )) ≥

1

T
log(δq(0)(U − S)(q, p)δq(0)) +

1

T

∫ T

0

m

(

∂2H

∂p2
(qt, pt)

)

q+((U − S)(qt, pt))dt.

Using Birkhoff’s ergodic theorem, we obtain:

λ(µ) ≥
1

2

∫

m

(

∂2H

∂p2

)

q+(U − S)dµ.

3.3. The non negative Lyapunov exponent for twist maps.
In this case, we are interested in exactly one Lyapunov exponent. Hence, a
formula giving the sum of the positive Lyapunov exponents is enough to bound
the unique non negative Lyapunov exponent from below and above. Using the
standard coordinates of A, we obtain:

Theorem 7. Let f : A → A be a positive twist map and let µ be a minimizing
measure whose non negative Lyapunov exponent is λ. If s−, s+ designate the
slopes of the two Green bundles and sk designates the slope of Gk, we have:

λ =
1

2

∫

log

(

s+ − s−1

s− − s−1

)

dµ =
1

2

∫

log

(

1 +
s+ − s−
s− − s−1

)

dµ.

As in the Hamiltonian case, we see that the greatest/smallest exponent

depends only on the deviation of the vertical (s−1 in the discrete case, ∂2H
∂p2 and

C in the Hamiltonian case) and on the “angle” between the two Green bundles.

Proof. As in the proof of proposition 1, we use coordinates such that G− is the
horizontal bundle; the matrix of Dfn at x is then:

M =

(

bn(x)(s−(x) − s−n(x)) bn(x)
0 bn(x)(sn(fnx) − s−(fnx))

)
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We know that G− ⊂ Es ⊕ Ec, hence along G− we see the Lyapunov exponent
−λ. The entry bn(x)(s−(x) − s−n(x), which represents the linearized dynamic
along G−, being multiplicative, we have along any µ-generic orbit: −λ =

lim
n→∞

1

n
log (bn(x)(s−(x) − s−n(x))

= lim
n→∞

1

n

n
∑

k=0

log
(

b1(f
kx)(s−(fkx) − s−1(f

kx))
)

In the same way, we have: λ =

lim
n→∞

1

n
log (bn(x)(s+(x) − s−n(x))

= lim
n→∞

1

n

n
∑

k=0

log
(

b1(f
kx)(s+(fkx) − s−1(f

kx))
)

By subtracting these two equalities and using Birkhoff’s ergodic theorem, we
obtain the equality of the theorem.

4. Invariant Lagrangian Graphs: Problems of

C
1-Regularity

In this section, we will explain the relation between the cones that are tangent
to minimizing sets and the Green bundles. Then we will deduce some regularity
results. In particular, we will improve Birkhoff’s regularity result that asserts
that any essential invariant curve of a twist map is a Lipschitz graph, and we
will prove that C0 integrability implies C1 integrability on a dense Gδ-subset.

4.1. Two notions of C
1 regularity. We define what the “tangent

vectors” to a set that is not necessarily a manifold are. This definition was
given by G. Bouligand in the 30’s in [12].

Definition. Let K ⊂ T
d ×R

d be a subset of T
d ×R

d and let x ∈ K be a point
of K. We say that v ∈ Tx(Td ×R

d) belongs to the contingent cone to K at x if
there exist a sequence (xn) of points of K converging to x and a sequence (tn)
of positive real numbers so that: v = lim

n→∞
tn(xn − x). The contingent cone to

K at x is denoted by Cx(K).

We say that v ∈ Tx(Td × R
d) belongs to the paratingent cone to K at x if

two sequences (xn) and (yn) of points of K converging to x and a sequence (tn)
of positive real numbers exist so that: v = lim

n→∞
tn(xn − yn). The paratingent

cone to K at x is denoted by Px(K).
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As the sets in which we are interested are contained in some Lagrangian
graphs, we give the following definitions of C1 regularity:

Definition. We say that K ⊂ T
d × R

d is strongly C1-regular at x ∈ K if the
paratingent cone Px(K) is contained in a Lagrangian subspace.

We say that K ⊂ T
d × R

d is weakly C1-regular at x ∈ K if a Lagrangian
subspace P of Tx(Td × R

d) exists so that, for every sequence (xn) of points of
K converging to x, we have: lim sup

n→∞
Cxn

(K) ⊂ P where the lim sup is taken for

the Hausdorff metric. The union of such limits will be called the generalized
contingent cone and will be denoted by C∗

x(K).

Because C∗
x(K) ⊂ Px(K), strong C1-regularity implies weak C1-regularity.

Moreover, if K is the graph of a Lipschitz map η above the zero section, then
K is weakly C1-regular if, and only if, K is strongly C1-regular if, and only if,
the map η is C1.

4.2. Tangent cones and Green bundles. We recalled before that
if x ∈ T

d × R
d is a point, there is a natural order between the Lagrangian

subspaces of Tx(Td × R
d) that are transverse to the vertical. But the tangent

(contingent or paratingent) cone to a set is not necessarily contained in a linear
Lagrangian subspace. We need, then, a new order to compare such a tangent
cone to the Green bundles.

Definition. If A ⊂ Tx(Td ×R
d) is a subset of Tx(Td ×R

d) an if P , P ′ are two
Lagrangian subspaces of Tx(Td ×R

d) that are transverse to the vertical, we say
that A is between P and P ′ and we write P ≤ A ≤ P ′ if, for every a ∈ A, there
exists a Lagrangian subspace PA such that P ≤ PA ≤ P ′.

Let us notice that when A is a Lagrangian subspace, P ≤ A ≤ P ′ is not
ambiguous: it has the same meaning for the two orders. In the case of a twist
map of the annulus, P ≤ A ≤ P ′ just means that the slope of every element of
A is between the slope of every element of P and the slope of every element of
P ′. Let us notice that: P ≤ A ≤ P ⇔ A ⊂ P . We prove this in [3]:

Theorem 8. Let f : A → A be a positive twist map and K be an Aubry-Mather
set. Then:

∀x ∈ K,G−(x) ≤ Px(K) ≤ G+(x).

Similarly, we have (a slightly different version of this is given in see [1] ):

Theorem 9. Let G be the graph of a C0 closed form η that is invariant by the
Hamiltonian flow of the Tonelli Hamiltonian H. Then:

∀x ∈ G, G−(x) ≤ Px(G) ≤ G+(x).

Hence, for the C0-Lagrangian graphs, the Green bundles give some bounds
for the paratingent cones. We will see in section 7 that for the Aubry sets , we
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obtain a weaker result (which concerns only the generalized contingent cone);
the reason is that in section 7, we use discontinuous Lagrangian graphs, called
pseudo-graphs.

4.3. Regularity of invariant C
0-Lagrangian graphs. A classi-

cal result asserts that every C0-Lagrangian invariant graph is locally minimiz-
ing. Then, we use two properties of the Green bundles that we found before:
the dynamical criterion and the relation between the Green bundles and the
paratingent cone to obtain some regularity results for the C0-Lagrangian graphs
(see [1], [4]). Let us mention that an invariant C0-Lagrangian graph is always
Lipschitz (see [19]), but it may happen that a Lipschitz graph is nowhere C1.

At first, we obtain some results for small dimensions: in this case, the re-
stricted linearized dynamic cannot tend to ∞ on a set with a non zero Lebesgue
measure; hence, the two Green bundles are equal and the paratingent cone is a
tangent subspace:

Theorem 10. Let f : A → A be a twist map and let γ : T → R be a continuous
map whose graph is invariant by f . Then there exists a dense Gδ subset U of
T whose Lebesgue measure is 1 and so that every t of U is a point of differen-
tiability of γ and a point of continuity of γ′. More precisely, the graph of γ is
strongly C1-regular at every point (t, γ(t)) with t ∈ U .

This result improves G. Birkhoff’s famous result asserting that such an
invariant curve is always Lipschitz (see [11]) and proves that some Lipschitz
graphs exist that are invariant by no twist map.

Some examples of twist maps exist that have such an invariant curve that
is not C1. But all the known examples have a rational rotation number. Hence,
we ask:

Question 2. Does an example of an invariant curve with an irrational rotation
number that is not C1 exist?

Theorem 11. Let H : T
2 × R

2 → R be a Tonelli Hamiltonian all of whose
singularities are non-degenerate. Let G be a C0- Lagrangian graph that is in-
variant by the Hamiltonian flow of H. If G is the graph of λ, then there exists a
dense Gδ subset D of T

2 with full Lebesgue measure so that λ is differentiable
on D and its derivative is continuous at every point of D. More precisely, G is
strongly C1-regular at every (q, λ(q)) with q ∈ D.

When we can specify the restricted dynamic in such a way that all the orbits
of the restricted linearized dynamic are bounded, we have, too, G− = G+ and
some regularity results:

Theorem 12. Let f : A → A be a twist map and let γ : T → R be a continuous
map whose graph is invariant by f . Let us assume that the restriction of f to
the graph of γ is bi-Lipschitz conjugated to a rotation. Then γ is C1 and the
restriction of f to the graph of γ is C1 conjugated to a rotation.
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Theorem 13. Let H : T
d × R

d → R be a Tonelli Hamiltonian and let G be a
C0-Lagrangian graph that is invariant by the Hamiltonian flow so that the time
one flow restricted to G is bi-Lipschitz conjugated to a translation of T

d. Then
the graph G is C1.

Another interesting application of the Green bundles is a description of what
happens in the C0 completely integrable case:

Definition. Let f : A → A be a twist map. Then f is C0-integrable if

A =
⋃

γ∈Γ

G(γ) where:

1. Γ is a subset of C0(T, R) and G(γ) is the graph of γ;

2. ∀γ1, γ2 ∈ Γ, γ1 6= γ2 ⇒ G(γ1) ∩ G(γ2) = ∅;

3. ∀γ ∈ Γ, f(G(γ)) = G(γ).

Remark. The general reference for this remark is [27].
A theorem of Birkhoff states that under the hypothesis of this definition,

every γ ∈ C0(T, R) whose graph is invariant by f is Lipschitz and that the set
L(f) of those invariant graphs is closed for the C0-topology.

If we fix a lift f̃ of f , we can associate with every γ ∈ L(f) its rotation
number ρ(γ). Then, if γ1, γ2 ∈ L(f), we have: G(γ1) ∩ G(γ2) 6= ∅ ⇒ ρ(γ1) =
ρ(γ2) and G(γ1) ∩ G(γ2) = ∅ ⇒ ρ(γ1) 6= ρ(γ2). We deduce that L(f) = Γ and
therefore Γ is closed for the C0 topology.

Theorem 14. Let f : A → A be a twist map that is C0 integrable. Let Γ be
the set of γ ∈ C0(T, R) whose graph is invariant under f . Then a dense Gδ

subset G of Γ endowed with the C0-topology exists so that: every γ ∈ G is C1.
Moreover, in G, the C0-topology is equal to the C1-topology.

We say that a Hamiltonian H : T
d ×R

d → R is C0-integrable if there exists
a partition P of T

d × R
d into C0-Lagrangian graphs that are invariant by the

flow and so that the map sending an element of P on its cohomology class sends
P onto H1(M, R).

Theorem 15. Let H : T
d×R

d → R be a C0-integrable Tonelli Hamiltonian and
let Λ1 be the set of closed 1-forms whose graphs are elements of the partition.
Then a dense Gδ subset of Λ1 all of whose elements are C1, exists.

Proof. To prove the two last theorems, we begin by noticing that there is a
dense set of completely periodic invariant Lagrangian graphs G, i.e. so that
there exists T > 0 satisfying: ϕT |G = IdG . Using the dynamical criterion, on
such a graph we have then G− = G+. Using the semicontinuity of G− and G+,
we obtain G− = G+ on a dense Gδ-subset of invariant graphs, and then these
invariant graphs are C1.
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Question 3. Are there examples of Tonelli Hamiltonians or twist maps that
are C0-integrable but not C1-integrable?

5. The Link Between the Shape of the

Aubry-Mather Sets and Their Lyapunov

Exponents

In this section, we give a complete characterization of the Aubry-Mather sets
that are uniformly hyperbolic and of the minimizing measures with non-zero
Lyapunov exponents. The following results are proved in [3].

Theorem 16. Let f be a twist map and let M be an Aubry-Mather set of f
with no isolated point. The two following assertions are equivalent:

• for all x ∈ M , M is not strongly C1-regular at x;

• the set M is uniformly hyperbolic (for f).

An amusing corollary is the following: if M is an Aubry-Mather set with no
isolated point for two twist maps f1 et f2, then it is uniformly hyperbolic for
f1 if, and only if, it is hyperbolic for f2.

Proof. For the direct sense, we know that the C1-irregularity implies the
transversality of the two Green bundles and then the uniform hyperbolicity.
For the other sense, we prove that when M is uniformly hyperbolic, we have
along M : Eu ∪ Es ⊂ P(M) and then the irregularity.

Theorem 17. Let f be a twist map and let µ be a minimizing measure whose
support has no isolated point. The two following assertions are equivalent:

• for µ-almost every x, the support of µ, denoted by suppµ, is C1-regular
at x;

• the Lyapunov exponents of µ (for f) are zero.

Proof. The fact that irregularity implies non zero Lyapunov exponents is very
similar to what was done in the proof of theorem 16. If now suppµ is C1 regu-
lar µ-almost everywhere, the projected dynamic of f|suppµ is C1-conjugated to
the initial dynamic f|suppµ µ almost everywhere. We can extend this projected
dynamic to a bi-Lipschitz homeomorphism h of T. For such a bi-Lipschitz home-
omorphism, we may define a kind of modified Lyapunov exponent and prove
that it is zero everywhere by using a subtle improvement of Klingman’s sub-
multiplicative ergodic theorem due to A. Furman (see [24]).

Hence, knowing the measure µ, we can say if the Lyapunov exponents are
zero or not, but the knowledge of its support is a priori not sufficient to deduce



20 M.-C. Arnaud

if the Lyapunov exponents are zero or no. To be more precise, it is interesting
to answer the following questions:

Question 4. Do two twist maps f and g and two minimizing measures µf

for f and µg for g exist, so that µf and µg have the same support but are not
equivalent (i.e. not mutually absolutely continuous)?

Another question concerns the existence of such non-uniformly hyperbolic
measures:

Question 5. Do there exist any minimizing measures with non zero Lyapunov
exponents that are not uniformly hyperbolic?

However, in extreme cases, we obtain a result concerning the link between
the support and the Lyapunov exponents:

Corollary 18. Let f be a twist map and let µ be a minimizing measure whose
support has no isolated point. If the support is C1-regular everywhere, then the
Lyapunov exponents of µ are zero.

It is not hard to see that an Aubry-Mather set is everywhere C1-regular
if, and only if, a C1 map γ : T → R exists, whose graph contains M . In
[27], M. Herman gives some examples of Aubry-Mather sets that are invariant
by a twist map, contained in a C1-graph but not contained in an invariant
continuous curve.

Question 6. Do any examples of minimizing measures with zero Lyapunov
exponents that are not supported in a C1 curve exist?

It is possible that the numerical evidence contained in [6] and [7] gives such
examples.

6. Weak KAM Theory

In the case of a completely integrable Tonelli Hamiltonian, the manifold T
d×R

d

is foliated by invariant Lagrangian tori that are graphs. When we perturb such
a Hamiltonian, a lot of these tori persist, due to the strong KAM theorems.

The invariant “pseudographs” that we will study in this section are in a cer-
tain sense the ghosts of the invariant Lagrangian graphs. It may happen that a
Tonelli Hamiltonian has no invariant Lagrangian graph, but it always has some
negatively (resp. positively) invariant discontinuous Lagrangian graphs, called
pseudographs, which contain true invariant subsets. This name of “pseudo-
graph” is due to P. Bernard (see [8]) and the proof of the existence of negatively
invariant pseudographs is what is called the weak KAM theorem and is due to
A. Fathi ([18], [20]). We won’t give any proof in this section, but all the results
that we give here are proved in [18] or [8].
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6.1. The Lax-Oleinik semigroup and its interpretation on
pseudographs. Before explaining what a pseudograph is and which kind
of transformation of these pseudographs to consider, let us define a semigroup
on the set C0(Td, R) of continuous maps from T

d to R. This semigroup is well-
known in PDE.

The negative semigroup (T−
t )t>0 of Lax-Oleinik is defined on C0(Td, R) by:

T−
t u(q0) = inf

(

u(q) +

∫ t

0

L(γ(s), γ̇(s))ds

)

;

where the infimum is taken on all the C1 arcs γ : [0, t] → T
d such that γ(t) = q0.

In [18] (see also [8]), A. Fathi proves that for every ε > 0, there exists a
constant K > 0 such that for every t ≥ ε and every u ∈ C0(Td, R), the function
T−

t u is K-semi-concave where:

1. A function v : V → R defined on a subset V of R
d is K-semi-concave if

for every x ∈ V , there exists a linear form px defined on R
d so that:

∀y ∈ V, v(y) ≤ v(x) + px(y − x) + K‖y − x‖2.

Then we say that px is a K-super-differential of v at x.

2. Let us fix a finite atlas A of the manifold T
d; a function u : T

d → R is
K-semi-concave if for every chart (U, φ) belonging to A, u ◦ φ−1 is K-
semi-concave. Then a K-super-differential of u at q is px ◦ Dφ(q) where
px is a K-super-differential of u ◦ φ−1 at x = φ(q).

A semi-concave function is always Lipschitz and so differentiable almost every-
where and for such a function, we define its pseudograph: a pseudograph is the
graph G(du) of du, where u : T

d → R is a semi-concave function.

As the images of any continuous function by the Lax-Oleinik semigroup are
semi-concave, we had better consider the action of the Lax-Oleinik group on
the set SC(Td) of the semi-concave functions of T

d.

A very nice interpretation of the action of the semigroup in terms of pseudo-
graphs is given in [8]:

Theorem 19. (P. Bernard) Let H : T
d × R

d → R be a Tonelli Hamiltonian
whose flow is denoted by (ϕt) and let u : T

d → R be a semi-concave function.
Then:

∀t > 0,G(dT−
t u) ⊂ ϕt(G(du)).

Hence, if we are looking at the pseudographs, the action of T−
t on u ∈

SC(Td) consists in cutting the image ϕt(G(du)) of the pseudograph of du by
the flow, removing some parts of this set to obtain a new pseudograph.



22 M.-C. Arnaud

6.2. The weak KAM theorem and Mañé’s critical value.
The weak KAM theorem, due to A. Fathi, gives us some pseudographs that are
invariant by this action:

Theorem 20 (Weak KAM theorem, A. Fathi). Let H : T
d × R

d → R be
a Tonelli Hamiltonian. There exists a unique constant c ∈ R such that the
modified semigroup (T̃−

t ) defined by:

T̃−
t u = T−

t u + ct

has at least one fixed point. Such a fixed point is called a weak KAM solution
and c is called Mañé’s critical value.

We denote by S−(H) the set of weak KAM solutions for H. The weak KAM
theorem proves the existence of some negatively invariant pseudographs such
that: ∀t > 0, ϕ−t(G(du)) ⊂ G(du). As said earlier, a compact invariant subset
corresponds to such a pseudograph:

I(du) =
⋂

t>0

ϕ−t(G(du)) =
⋂

t>0

ϕ−t(G(du)).

This set I(du) is, in fact, a Lipschitz graph.
There is a relation between the Lax-Oleinik semigroup and the Hamilton-

Jacobi equation:

Proposition 21. (A. Fathi) Let H : T
d × R

d → R be a Tonelli Hamiltonian
and let u : T

d → R be a semi-concave function. Then u is a weak KAM solution
associated with H if, and only if, it is a solution to the Hamilton-Jacobi equation
H = c, i.e. if at every point of differentiability q of u, we have: H(q, du(q)) = c.

Hence, the pseudographs of the weak KAM solutions are all contained in
the critical level {H = c}.

Let us mention that the result given by A. Fathi is more general, because
it deals with the viscosity solution of the Hamilton-Jacobi equation; we don’t
want to define this notion, but the reader can find some material in [15]. A
good introduction to the PDE aspects of the weak KAM theory can be found
in [17].

6.3. Mather, Aubry and Mañé sets. There is a third characteri-
zation of Mañé’s critical value c:

−c = inf
µ

∫

Td×Rd

Ldµ

where µ varies among the Borel probability measures on T
d×R

d that are invari-
ant by the Euler-Lagrange flow of L. This lower bound is, in fact, achieved by
a measure with compact support. A Borel probability measure µ with compact



Green Bundles and Related Topics 23

support in T
d × R

d is said to be minimizing if it is invariant by the Euler-
Lagrange flow and satisfies −c =

∫

Td×Rd Ldµ. It can be proved that for ergodic
measures, this definition is equivalent to the one that we gave before (via the
Legendre map). If we denote by suppµ the support of the measure µ, the Mather
set is defined by:

M∗(H) =
⋃

µ

L−1(suppµ).

where the intersection is taken on all the minimizing measures.

J. Mather proved that M∗(H) is an invariant non-empty compact subset of
T

d × R
d which is a Lipschitz graph above a compact part of the zero section.

A. Fathi proved that the pseudograph of any weak KAM solution contains the
Mather set. Moreover, for such a weak KAM solution u, any invariant Borel
probability measure whose support is contained in G(du) is, in fact, the image
via the Legendre map of a minimizing measure.

The Aubry set is defined by: A∗(H) =
⋂

u∈S−(H)

I(du) and the projected

Aubry set is: A(H) = π(A∗(H)). The Aubry set is then an invariant compact
Lipschitz graph above a part of the zero section.

The Mañé set is defined by:

N ∗(H) =
⋃

u∈S−(H)

I(du).

It is compact and invariant, but in general, it is not a graph.

We have: M∗(H) ⊂ A∗(H) ⊂ N ∗(H) ⊂ E = H−1(c).

There are some other characterizations of the Aubry and Mañé sets (see [32]
and [13]). Following Mañé, let us define the Mañé potential. For all (q1, q2) ∈ M2

and all t > 0, we define: at(q1, q2) = inf
∫ t

0
L(γ(s), γ̇(s))ds where the infimum

is taken on all the C1 curves γ : [0, t] → T
d such that γ(0) = q1 and γ(t) = q2.

The Mañé potential is defined by: Φ(q1, q2) = inf
t>0

(at(q1, q2) + ct). A curve γ :

I → T
d is said to be semi-static if for all t1 < t2 in I:

∫ t2

t1
(L(γ(t), γ̇(t))+ c)dt =

Φ(γ(t1), γ(t2)). Then a curve γ : R → T
d is semi-static if, and only if, L−1(γ, γ̇)

is the orbit of a point of the Mañé set.

Following Mather (see [35]), we define the Peierls barrier: h : T
d × T

d → R

by: h(q1, q2) = lim inf
t→+∞

(at(q1, q2) + ct). A. Fathi proved that, in fact, we have

a true (and uniform) limit. Then a point q is in the projected Aubry set if,
and only if, h(q, q) = 0. Moreover, if γn : [0, tn] → T

d is a sequence of arcs so

that γn(0) = γn(tn) = q, lim
n→∞

tn = +∞ and lim
n→∞

∫ tn

0

(L(γn(t), γ̇n(t)) + c) = 0,

then lim
n→∞

L−1(γn(tn), γ̇n(tn)) = lim
n→∞

L−1(γn(0), γ̇n(0)) = (q, p) where (q, p) is

the point of the Aubry set so that π(q, p) = q.
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6.4. The symmetrical Hamiltonian and the positive Lax-
Oleinik semigroup. If H : T

d × R
d → R is a Tonelli Hamiltonian, its

symmetrical Hamiltonian is defined by: Ȟ(q, p) = H(q,−p). Then its associated
Lagrangian is defined by: Ľ(q, v) = L(q,−v). If (ϕt) (resp. (ϕ̌t)) is the Hamil-
tonian flow associated with H (resp. Ȟ), if we denote by i : T

d ×R
d → T

d ×R
d

the involution: i(q, p) = (q,−p), then we have: ϕ̌t(q, p) = i ◦ϕ−t ◦ i(q, p). More-
over, γ : R → T

d is a solution to the Euler-Lagrange equations for L if, and
only if, γ̌ : R → T

d defined by γ̌(t) = γ(−t) is a solution to the Euler-Lagrange
equations for Ľ and γ : [a, b] → T

d minimizes the Lagrangian action of L be-
tween γ(a) and γ(b) if, and only if, γ̌ : t ∈ [−b,−a] → γ(−t) ∈ T

d minimizes the
action of Ľ between γ(b) and γ(a). From this remark, we deduce the following
expression of the negative Lax-Oleinik semigroup of Ľ:

Ť−
t u(q) = inf

γ

(

u(γ(0)) +

∫ t

0

L(γ(s), γ̇(s))ds

)

where the infimum is taken on all the C1 curves γ : [0, t] → T
d such that

γ(0) = q.
We then define the positive Lax-Oleinik semigroup for H by: T+

t u(q) =
−Ť−

t (−u). Hence:

T+
t u(q) = sup

γ

(

u(γ(t)) −

∫ t

0

L(γ(s), γ̇(s))ds

)

.

Instead of restricting ourselves to the set of semi-concave functions, we now use
the set of semi-convex functions (a function u : T

d → R is K-semi-convex if
−u is K-semi-concave). The graph of du where u is semi-convex is called an
anti-pseudograph, and the anti-pseudograph G(du) of any fixed point u of the
positive Lax-Oleinik semigroup of H satisfies: ∀t > 0,G(du) ⊂ ϕ−t(G(du)).

Let us notice that H and Ȟ have the same critical value (use the char-
acterization by the minimizing measures) and that M∗(H) = i

(

M∗(Ȟ)
)

is
contained in the pseudograph of any positive weak KAM solution (for H).
Moreover, A. Fathi proved that for any negative weak KAM solution u−, there
exists a unique positive weak KAM solution u+ such that u−|M(H) = u+|M(H).
Such a pair (u−, u+) of weak KAM solutions with u−|M(H) = u+|M(H) is called
a pair of conjugate weak KAM solutions. We always have:

u+ ≤ u−; π(I(du−)) = {q ∈ M ;u−(q) = u+(q)};

du−|π(I(du−))(H) = du+|π(I(du−)).

A consequence is that, for every pair (u−, u+) of conjugate weak KAM solutions,
the Aubry set (and then the Mather set) of H is in G(du−) ∩ G(du+).

7. Weak KAM Solutions and Green Bundles

We proved in [2] that the Green bundles give some bounds for the “second
derivative” of the weak KAM solutions along the Aubry set; what we denote
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by G̃± is a modified Green bundle that is very close to the original Green
bundle:

Theorem 22. Let H : T
d ×R

d → R be a Tonelli Hamiltonian and let (u−, u+)
be a pair of conjugate weak KAM solutions. Then:

∀x ∈ I(du−), G̃−(x) ≤ Cx(G(du−))

≤ G+(x) and G−(x) ≤ Cx(G(du+)) ≤ G̃+(x).

Proof. The proof is rather technical. We begin by selecting a pseudograph in
the images of the physical verticals, where the physical vertical at x ∈ T

d ×R
d

is: V(x) = π−1(π(x)) ⊂ T
d × R

d. Let x0 = (q0, p0) ∈ I(du−). Then for every
t > 0 we prove that there there exist two C2- functions g+

t , g−t : T
d → R,

the first one semi-concave and the second one semi-convex, so that g−t (q0) =
u−(q0) = u+(q0) = g+

t (q0), g−t ≤ u+ ≤ u− ≤ g+
t and: G(dg+

t ) ⊂ ϕt(V(ϕ−tx)),
G(dg−t ) ⊂ ϕ−t(V(ϕtx)). Then we manage to deduce that Cx(G(du−)) ≤ Gt(x)
and G−t(x) ≤ Cx(G(du+)) where Gt(x) (resp. G−t(x)) is the tangent subspace
at x to G(dg+

t ) (resp. G(dg−t )). When t tends to +∞, we find the results of the
theorem.

Corollary 23. Let H : T
d×R

d → R be a Tonelli Hamiltonian and let (u−, u+)
be a pair of conjugate weak KAM solutions. Then:

∀x ∈ I(du−), G̃−(x) ≤ Cx(I(du−)) ≤ G+(x)

Using the results of section 3 and the fact that the support of every mini-
mizing measure is contained in a subset I(du−), we deduce:

Corollary 24. Let H : T
d × R

d → R be a Tonelli Hamiltonian and let µ be
a minimizing measure all of whose Lyapunov exponents are zero. Then, the
support of µ is weakly C1-regular at µ-almost every point.

This last result is less complete than the one contained in theorem 17,
because we obtain only one implication. In fact, the other implication is not
correct in this case: it may happen that a hyperbolic set is very smooth, and
then that a hyperbolic measure has a regular support.
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