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Abstract

We prove that in a p-dimensional billiard, every 2-link non-degenerate periodic
solution which minimizes or maximizes the length is hyperbolic. This result generalizes
the results of D. Treshchev concerning the case of the planar Birkhoff billiard.
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1 Introduction.

It is well-known that the symplectic diffeomorphisms may have stably different types
of periodic points (elliptic or hyperbolic), and that near these different sorts of periodic
points completely different qualitative behaviours may occur. It is well-known too that
a lot of symplectic diffeomorphisms have a “generating function” (by “a lot”, we mean
an C'-open neighbourhood of the identity map in the case of Weinstein generating
function, or an C'-open neighbourhood of completely integrable maps in the case of
Lagrangian generating function) , and that a critical point of the generating function
is a fixed point of the initial diffeomorphism. If the critical point of the generating
function is non-degenerate, we can associate with it a (Morse) index. An old question
is then : is there a relation between this index and the type of the corresponding fixed
point of the diffeomorphism (is it elliptic, hyperbolic...)? A lot of articles deal with
this question :

— in [1], [2] and [3], I proved that cerain extrema of (Weinstein) generating functions
correspond in general to completely elliptic fixed points of symplectic diffeomor-
phisms;

— in [10], D. Offin proves that in certain symmetric cases, the minimum of the
Lagrangian action is hyperbolic; a theorem of R. Mane asserts that every “strong
minimum” (i.e. contained in the so-called critical level; it is a very strong notion)
is hyperbolic (see [9] for the theorem and [5] for the proof). I have proved in [4]
that the minimum of the Lagrangian action is not always hyperbolic (by using
examples constructed in [1]).

In the case of billiards, there exists a very natural “Lagrangian generating func-
tion” : the length L. This function L is usefull to find periodic orbits with different
bounces (see for example [7]). Moreover, in [7], a precise classification of the type of
periodic points is given in the case of planar billiards; for example, it is shown that
each non-degenerate maximum of the length is hyperbolic, and that each minimum
with an even number of bounces is hyperbolic too. The method uses some calculus
made in [8] (for area preserving diffeomorphisms). In higher dimension, there is no
obvious link between the index of a critical point of the length and the type of the
corresponding periodic point. In fact, in [6], the calculus made in [8] for one-degree-of-
freedom systems is given in every dimension, but as it is noticed by the authors, this
calculus is not sufficient to give the type of the considered periodic orbits (it only gives
the Lefschetz index of the periodic point).

We will in this article give a generalization of the result concerning the extrema of
the length in every dimension but for 2-link orbits. We don’t know if the result is true
for every even period.



Let us describe the setting : M is a CZ-hypersurface of RP™! (with p > 1). Let
M = TIRI‘? AJ/rll be the unitary tangent bundle restricted to M : it is a 2p-dimensional
Cl-submanifold of R?P*2. If (z,v) € M, we say :
o If MN{x+tv;t > 0} = (0, the billiard map is not defined at (z,v); if MN{z+tv;t >
0} # 0 and if for tg = inf{t > 0;z+tv € M}, x+tov ¢ M or M and {z+tv;t > 0}
are tangent at x + tov, we say that the billiard map is not defined at (z,v).

e At the other points of M (and the set of these points is open in M), we define
to = inf{t > 0;z+tv € M}. Then z+tgv € M. Let H be the tangent hyperplane
to M at x + tov; then B(z,v) = (x + tov, s(v)) where s is the reflection across H.
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Figure 1

Let us notice that our definition is slightly different of the usual one : the billiard
map B may be non-defined at the vectors tangent to M. This fact is not important
because we will work “far” from these vectors.

It is well-known that the non-trivial periodic orbits of B correspond to critical
points of the length function. More precisely, for the case of the 2-periodic orbits, we
have :

o wedefine L : M xM — Rby: L(z,y) = ||z —y|| where ||| is the usual Euclidian
norm.

e then (z,v) is a (non trivial) 2-periodic point of B if and only if, if we write
(y,w) = B(x,v), (z,y) is a critical point of L. Then we have of course : v = ”Z:£”
is a vector normal to M at x and at y.

We will say that = (resp. y) is a non-degenerate critical point of a function f if its
Hessian Hessf(x) is non-degenerate.

Theorem 1 Let (z,y) be a non-degenerate mazimizer or minimizer of the length func-
tion defined on M x M ; then (x, ﬁ) 18 a hyperbolic 2-periodic point of the billiard
map.



As every strictly convex billiard has a maximum for the length and as generically,
the critical points of the length are non-degenerate (see [7]) , we deduce :

Corollary 2 Let M be a strictly convez billiard generic for the C? topology. Then it
has a 2-periodic hyperbolic orbit.



2 Proof of the theorem.

Instead of working in the coordinates (z,v) € M, we will use the coordinates (z,z’) €
M x M where v = % (it is well-known that these are local coordinates, see for

example [7]). The billiard map in these coordinates is B, and if (z,y) is a critical point
of L, we have easily that, if : DB(x,y)(u,v) = (v,w) and DB(y,z).(v,w) = (w,1t),
then (the calculus is given in [7] and [6]) :

L4 Lz,x’(g}: y)u + 2Lw’,:v’ (JJ, y)’l) + Lac,x’(xy y)w = O;

L4 L:c’,r(xy y)U + 2Lx,az(x7 y)w + Lm’,m(xa y)t =0.

If @ and b are orthogonal to  — y, an easy computation gives : L . (x,y)(u,v) =
<a,b>
RESTA
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Therefore L, ,(x,y) is invertible and we have :

Moreover, we know that the following symmetric matrix is definite :

HGSSL(SC, y) = (Ilja:,x/ f;vl/,:cl)
z,x x'x

Let us prove that, with this hypothesis, the matrix DB?(z,y) has no eigenvalue with

modulus 1.
Let us assume that ) is an eigenvalue of DB?(x,y), and let (u,v) be an eigenvector for
A. We have :

Ay = _U_QL;,}v/Lx’,cc’U;

o= 2L Lyau+ (=1 4+4L, Ly oLy} Ly o).



If \=—1,as L;, and L, ,» are definite, we find u = v = 0 and thus —1 is not an
eigenvalue. If A # —1, we find :

2 —1
v = g rtewlea

0 = (4/\L;,1xL$7mL;;,Lx/,x/ A+ 1)2> v,
Thus, if © = € is a square root of A, we only have to find the kernel of :
_ _ 1 1 _ _
Lx/}xanxLx,u}c/Lm,’x, N _(M + ;)21 - Lx’%xvaxLx,ic’Lﬂﬂ’ﬂC' — cos” 1

4

But as HessL(z,y) is definite, the matrix :

(,u 0) <Lz,x Lx’,m) (ﬂ 0> _ (Lr,:p )\Lm/,z>
0 & Lx,ac’ L;t’,z’ 0 u ALx,x’ L:v’,a:’
is definite too with the same sign. Therefore the sum of the two matrices is definite :

M. — 2Lx,x (1 + )\)Lx/@
AT (1 + E\)Lx’x/ 2Lx’,x’

Let us write that a vector (z1, 22)is in its kernel :

2L$71Z1 + (1 + )\)LZ/’;L-ZQ
(1 + 5‘>Lx,x’z1 + 2Lz’,x’z2 =
These equations are equivalent to :
_Llfl
14X o
_ _ 1 T
0 = (Lx,}sz@Lx;,Lx/’x/ -7+ DO+ 1)) 2.

Lx’,x’ZZ;

As i =€ is a square root of A, we have : (A +1)(A+ 1) = cos?# and thus we know
in fact that :

ker (L;,livaxL;i,Lmzxz — cos? 61) = {0}

Finally, we have proved that D2B(x,y) has no eigenvalue with modulus 1 and therefore
(z,y) is a hyperbolic periodic point.
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