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Abstract

Let H : T*M — R be a Tonelli Hamiltonian defined on the cotangent bundle of
a compact and connected manifold and v : M — R be a semi-concave function. If
E(u) is the set of all super-differentials of u and (¢;) the Hamiltonian flow of H, we
prove that for ¢ > 0 small enough, ¢_+(€(u)) is an exact Lagrangian Lipschitz graph;
we deduce a geometric proof of a result due to Fathi-Siconolfi and Bernard : such a
Hamiltonian has always C'! subsolutions.
Moreover, using the Lax-Oleinik semi-group (Tt), we prove that for ¢ > 0 small enough,
v—t(E(u)) is the graph of dTyu. Hence the Lipschitz pseudographs that P. Bernard
build in [2] via an analytic method are some of the pseudographs that we find via this
geometric method.
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1 Introduction

In the recent developments of the so-called “weak K.A.M. theory”, the notion of “pseu-
dograph” did appear recently in an article of P. Bernard (see [1]) to prove some results
concerning Arnold’s and Mather’s diffusion. Let us explain quickly how.

We consider the Hamilton-Jacobi equation : H(z,du(x)) = C for a Hamiltonian func-
tion H : T*M — R defined on a cotangent bundle which is C?, superlinear and
convex in the fiber. In the 1980’s, P.-L. Lions and M. Crandall introduced the notion
of viscosity solution for this equation (see [5]). In the case where M = T", Lions,
Papanicolaou and Varadhan proved the existence of a viscosity solution. Then, in [6],
A. Fathi proved the existence of a viscosity solution (which he called a weak K.A.M.
solution) for any manifold. Such a weak K.A.M. solution is semi-concave and hence
locally Lipschitz (see for example [7]). A semi-concave function v : M — R is Lipschitz
and hence differentiable on a set E C M with full (Lebesgue) measure, and the graph
G(u) = {(¢q,du(q));q € E} of the derivatives of any semi-concave function is what we
call a pseudograph.

When u is C2, the pseudograph G(u) is in fact a graph above the whole manifold
M and is a Lagrangian graph.

That’s why a very natural question is :

Questions : are the pseudographs Lagrangian manifolds in general? And, as a
pseudograph is not a smooth manifold, in which sense?

Let us notice that in the other sense, M. Chaperon proved in [4] that every La-
grangian submanifold of 7% M which is Hamiltonianly isotopic to the zero section can
be “cut” in such a way that we obtain the graph of the differential of a Lipschitz
function defined on M. In certain cases, A. Ottolenghi & C. Viterbo proved in [9]
that this Lipschitz function is a semi-concave, and hence the “cut graph” is in fact a
pseudograph.

Before explaining which kind of positive answer we give to the questions, let us
introduce some notions. At first, we recall what is a semi-concave function and we
define the enlarged pseudographs.

DEFINITION.

1. Let U be an open subset of R%, K > 0 be a constant and v : U — R be a function.
We say that u is K-semi-concave if for every x € U, there exists a linear form p,
defined on R? such that :

Yy € Uyu(y) < u(@) + pu(y — o) + Klly — z||%;



(where ||| is the usual Eucidian norm). Then we say that p, is a K-super-
differential of u at x.

2. Let M be a compact and connected manifold with a finite atlas A = {(U;, ®;
U — R¥);1 <i< N}and u : M — R be a function; we say that u is K-
semi-concave if for every i € {1,..., N}, the function uwo ®;' : ®;(U;) — R is
K-semi-concave. Then, a K-superdifferential of u is a p, o D®;(x) where p, is a
K-super-differential of u o ®; ! at ®;(x).

3. A function is semi-concave if it is K-semi-concave for a certain K; while the
quantitative notion of “K-semi-concave function” depends on the considered atlas

of M that we choose, the notion of “semi-concave function” is independent of this
atlas. The notion of super-differential too doesn’t depend on the atlas.

4. if u : M — R is semi-concave, its enlarged pseudograph is the set £(u) of all the
super-differentials of w :

E(u) ={(z,ps);ps is a superdifferential of wu at z}.

The enlarged pseudograph £(u) of a semi-concave function u contains its pseudo-
graph G(u); in general, £(u) is no longer a graph and &£(u) is compact (it’s clearly
closed and P. Bernard proved in [1] that it is bounded).

REMARK. In fact, even if it doesn’t appear in the notation, the definition of &£(u)
depends on the choice of the constant K of semi-concavity that we choose, and in the
proofs we will fix such a constant K. But a posteriori, because of proposition 4, we see
that £(u) is independant of this constant.

For a survey of the principal properties of the semi-concave functions, the reader
may have a look at the appendix of [1] and the book [7].

Let us now explain which kind of manifold will interest us :
DEFINITION. Let M be a d-dimensional compact and connected manifold.

1. a non-empty subset N of T*M is a d-dimensional Lipschitz submanifold of T M
if for every © € N, there exists a (smooth) chart (U, ®) of T*M at x such that
®(N NU) is the graph of a Lipschitz map ¢ : V — R? defined on a open subset
V of R%. Of course, this notion is invariant by C'-diffeomorphism.

2. a Lipschitz graph is {s(z);z € M} where s : M — T*M a Lipschitz section. Of
course, a Lipschitz graph is a d-dimensional Lipschitz submanifold of 7% M.

3. a d-dimensional Lipschitz submanifold N of T*M is exact Lagrangian if it is
exact Lagrangian in the sense of distributions, that is if for every v : [a,b] — N
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closed Lipschitz arc drawn on N, we have : 0 = f,y A (where A designates the

Liouville 1-form of T*M). This notion is invariant under C! exact symplectic
diffeomorphisms.

Then the Lipschitz graph of a Lipschitz section s : M — T*M is exact Lagrangian
if and only if there exists a C! function u : M — R (that is a C' function whose
derivative is Lipschitz) such that : s = du.

The result that we obtain is :

Theorem 1 Let M be a compact and connected manifold and v : M — R be a semi-
concave function. Then its enlarged pseudograph E(u) is an exact Lagrangian Lipschitz
submanifold of M.

To prove this result, we will use any Hamiltonian function H : T"M — R which
is C?, superlinear and convex in the fiber (such a Hamiltonian is called a Tonelli
Hamiltonian); denoting by (¢;) its Hamiltonian flow, we will prove that for ¢ > 0
enough small, p_;(E(u)) is an exact Lagrangian Lipschitz graph.

A corollary of this proof is a new (and more geometric) proof of a result of Fathi-
Siconolfi-Bernard (see [8] and [2]) :

Corollary 2 Any Tonelli Hamiltonian has a C1' subsolution.

The precise definition of subsolution will be given later.

Let us compare our solution with the one given by P. Bernard in [2] : using the
Lax-Oleinik semi-groups (7})¢>0 and (7});>0 associated to the Tonelli hamiltonian H,
he proves :

Proposition (P. Bernard) For each semi-concave function uw : M — R, for every
t > 0 small enough, the function Tyu is C11.

Let us notice that :

Proposition 3 Let H : T*M — R be a Tonelli Hamiltonian and v : M — R be a
semi-concave function; then there exists € > 0 such that for every t €]0,¢], Tyu is C!

and G(Tyu) = p_4(E(u)).

Hence the analytic construction of P. Bernard corresponds exactly to our geometric
construction.



2 Proof of theorem 1

As we explained before, we will prove :

Proposition 4 Let M be a d-dimensional compact and connected manifold, let H :
T*M — R be any Tonelli Hamiltonian function and let w : M — R be any semi-
concave function. Then there exists € > 0 such that, for everyt € [—¢,0[, ¢i(E(u)) is
an ezxact Lagrangian Lipschitz graph.

Of course, the theorem is a consequence of this proposition. Let us now prove this
proposition.

We assume that M is a compact and connected manifold with a finite atlas A
and u : M — R is a K-semi-concave function. We consider any Tonelli Hamiltonian
function H : T*M — R and denote by (¢¢)icr its Hamiltonian flow.

2.1 Proof that ¢;(E(u)) is a graph for ¢ € [—¢,0]

Given ¢ €]0, 1] small enough, we want to know if it is possible that for a t € [—¢,0],
©t(E(u)) is not a graph above a certain part of M.

If £ = (q,p) € T*M, we denote by V(x) its vertical : V(x) ={y € T*M;n(y) = n(x) =
q} where m : T*M — M designates the usual projection.

Then we want to know if it is possible for a ¢t €]0,¢] and a = € E(u) that V(p_(z)) N
w_t(E(u)) contains at least two points. It means that there exists two different points
(90, p0), (q1,p1) € E(u) such that (q1,p1) € wi(V(¢—i(q0,p0)))-

We write ; V7 € [—¢,0], (¢;(7),pj(T)) = ¢+(gj,pj). Then :

(@1(~1).p1 (1)) € V(0. o)) = Vigo(1), p1(—1)).

If € is chosen small enough, because £(u) is compact, such a thing may happen only for
q0, ¢1 and (7 o p-(qo(—t), spo(—t) + (1 — 8)p1(—t)))re(o,e],s€(0,1]> In @ same chart of the
atlas A. Then from now we work in the coordinates given by such a chart, i.e. in R?
and T*R? = R? x R? and we write : (q1,p1) = ©:(qo(—t), po(—t) + Ap) with ¢ €]0, €].
Because H is strictly convex in the fiber, there exists two constants C' > ¢ > 0 such
that :

V7 € [-1,1],¥(q,p) € E(u), Yo € RY, ¢||v]|* < Hyyp(r(g,p)) (v, 0) < C|lo]|*.

Denoting the second derivative in the variables p by H, ,, we have :

1
et(q1(—t), p1(—t)) — ¢i(qo(—t), po(—t)) :/0 Der(ao(=1), po(~t) + sAp)(0, Ap)ds.



Using the linearized Hamilton equations, we obtain that the quantity in the integral is
equal to :

(t(Hpp(pe(g0(—1), po(=t) + sAp)Ap + [[Apller (s, t, Ap)), Ap + || Apllea(s, t, Ap))

where the functions ¢; tend uniformly to 0 when ¢ tends to 0.

We deduce :

1
(P1—po)(q1—q0) = 75/0 [Hpp(@e((q0(—1t), po(—t) + sAp)(Ap, Ap) + t]| Ap||*n(s, t, Ap)] ds

where the function 7 tends uniformly to 0 when ¢ tends to 0.
We deduce that if € has been chosen small enough :

C
(p1 — po)(q1 — qo0) > §tHAP|’2 and |lq1 — qof < 2Ct||Ap].

Moreover, we know too that p; is a K-super-differential of u at g;, for j = 0,1. Hence :
u(qr) — u(go) < polqr — qo) + Kllg1 — qol*;

u(qo) — u(q1) < pilgo — q1) + Kllg1 — qol|*.
We deduce by adding up these two inequalities :

(p1 —po)(q1 — q0) < 2K||q1 — o> < 2CK#*|| Ap]|*.

Finally, we have proved that there exists two strictly positive constants ¢ and C' such
that : c
§t|’APH2 < (p1 — po)(q1 — qo) < 2CK || Aplf*.

It is obviously impossible for £ > 0 small enough and Ap # 0.

2.2 Proof that mo p;(E(u)) =M

We want to prove that for ¢ € [—¢,0[, the graph ¢:(€(u)) covers the whole M.
We have found in subsection 2.1 a constant € such that :

Vt €]0,¢], Vo € T*M,§(o:(V(z)) NE(u)) <1
where we denote by #(F) the number of elements of E. Now we want to prove that :

Vt €]0,¢e], Vo € T*M, o (V(x)) N E(u) # 0.

As in subsection 2.1, we will work in the charts of a finite atlas of M.

Let us denote by B,(q, R) the closed ball in the vertical V(g,0) centered at (g,0)
with radius R > 0. Then we prove :



Lemma 5 For every R > 0, there ezists €9 €]0, e[ such that, for every q € M and
every t € [—eo,20]\{0}, pt(By(q, R)) is the graph of dgi, where gr4 : Kig — R is a C?
function.

PROOF Given any ¢ € M, we know that ¢;(B,(q, R)) is a Lagrangian submanifold
(with boundary) because the vertical is a Lagrangian submanifold and ¢y is symplectic.
If moreover ¢.(B,(g, R)) is the graph of a C! function above a part K;, of M, be-
cause a ball is connected and homologically trivial, there exists a (unique) C? function
Gt,q : Kiq — R such that g; 4(q) = 0 and ¢¢(By(q, R)) is the graph of dg; 4.

If R > 0 is fixed, there exists g9 €]0,¢[ such that, for every ¢ € M and every
t € [—€0,20]\{0}, pt(By(g, R)) is the graph of a C' function above a part K;, of M.
Indeed, in a similar way to the proof in the previous subsection :

1
wi(q,p + Ap) — vi(q,p) = /0 Dyi(q,p + sAp)(0, Ap)ds

and then this quantity is equal to :

1
/0 (t(Hpp(pi(q,p + sAp))Ap + ||[Aplle1(s, t, Ap)), Ap + || Apllea(s, t, Ap))ds

where the functions €; tend uniformly (for p,p + Ap € B,(q,R),q € M, s € [0,1]) to
0 when ¢ tends to 0. Hence if gy is small enough and ¢ € [—&g,e0]\{0}, we have for
pp+ Ap € By(q, R),q € M : (pi(q,p + Ap) — ¢i(q, p))-(Ap, 0) has the same sign as
t fo p.p(@t(q, p+ sAp)(Ap, Ap)ds which is strictly positive for ¢ > 0, strictly negative
for t < 0. Then oy (q, p+Ap) # mopi(q, p) and we obtain a graph. As every vertical is
a C* manifold and the flow is C, this graph is a C'! manifold. As D(ro;)(q,p)(0,p)
is close to tHp (g, p)dp # 0, this graph is transverse to the vertical at every point and
then it’s the graph of a C'! function. []

We want to use this function g4 to prove that for t € [—¢,0[, the graph ¢:(€(u))
covers the whole M. A problem is that when ¢ tends to 0, the domain on which g; 4 is
defined tends to a point (when R is fixed), and it would be usefull for us to define g; 4
on a domain with fixed size. That’s why we modify our Hamiltonian :

Lemma 6 Let H : T*M — R be a Tonelli Hamiltonian and IC C T*M be a compact
subset; then there exists a Tonelli Hamiltonian function Hy : T*M — R such that :
o Vz e K, H(zx) = Ho(x);

e outside a compact subset of T* M, Hy is positively homogeneous with degree 2 in

the fiber.



We don’t prove this lemma, easy to prove by using some bump functions.

Let us recall that we are interested in the ¢;(E(u)) for t € [—¢,0[. The set E(u)
being compact, we introduce the real : Ky = max{H(x);x € E(u)}. Then, K =
H1(] — 00, Ky)) is compact and we find by lemma 6 a Tonelli Hamiltonian function
Hy : T*M — R such that :

e Vax € K, H(x) = Hy(x);
e outside a compact subset of T*M, Hy is positively homogeneous with degree 2 in

the fiber.

Let us denote by (¢;) the Hamiltonian flow of Ho. As H = Hy and the Hamil-
tonian is constant along the trajectories, we have : (@yi)ier = (Yyic)ier. Hence :

Vit € R,y (E(u)) = ¢i(E(u)) and we have now to prove proposition 4 for Hy instead of
H.

Hence we assume that outside a compact K invariant by (¢;), H is positively ho-
mogeneous in the fiber with degree 2. We prove :

Lemma 7 Let H : T*M — R be a Tonelli Hamiltonian which is positively homo-
geneous with degree 2 in the fiber outside an invariant compact subset K C Mgr =
2

quM By (q, g) of T*M. Then there exists four strictly positive constanfs c, C, g
and r such that, for every q € M and every t € [—eo,e0]\{0}, the set pi(By(qo, %))

contains the graph of dg, where g1, : D(q) = B(q,7) — R is a C? function such
that :

_ 1 4
vt €10, 20], g € M, ¥Q € D(a), L= llll* < D?01,(Q)(v,v) < o]

and :

_ 4
vt € [_5070[7VQ € M,\V/Q € D(q)v E”UH2 < D2gt7Q(Q)(Uav) ”UH2

<
—4Ct

PROOF Because H is positively homogeneous with degree 2 in the fiber outside an
invariant compact subset, H, , is uniformly bounded on 7*M, i.e. there exists two
constants C' > ¢ > 0 such that :

Vo € T*M, cl|o|* < Hypl(@)(v,0) < Cllu]]*.

For every A € R* | let us denote by H) the map : Hy : T*M — T*M such that :
Ha(g,p) = (¢, Ap). Then :

V(g,p) ¢ K, Hx(q,p) € K =Vt € R, s 0 Hx(q,p) = Hx 0 pix(q,p).
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We deduce :

V(q,p) ¢ K, Hx(g,p) ¢ K = Vt € R,¥(0,6p), Depi(q, \p)(0, dp) = Dpia(q,p)(0, 6p).

Using lemma 5, we can associate to R an ¢ > 0.

Moreover, we know through the linearized Hamilton equations that :
D(mo¢i)(q,p)(0,6p) = t(Hpp(q, p) +1(q, p,t))dp where 1 is a function which tends to
0 when ¢ tends to 0 uniformly for (¢q,p) € Mg.

Then, if £g is (uniformly in Mp) chosen small enough, we have :

o V(g p) € Mg;Vt € [0,e0], Z|6p||* < (D(7 o ¢¢)(q, p)(0,0p)dp).op < 2Ct||5p||*;
e V(q,p) € Mg;Vt € [—£0,0], 5 |0p[|* > (D(m o ¢1)(q,p)(0,6p)dp).6p > 2Ct||6p||*.

Let us now consider (q,p) € T*M\Mpg and t € [— ﬁ;ﬁ, ﬁ;ﬂ] Then if we write : py =

H%Hp’ we have m o p(q,p) = mo th"%” (¢, po) is in the chart at ¢ because (¢,po) € Mg
and t'M € [—¢eo,0]. Hence we have :

o if ¢ €)0, 5, (D(m o ¢1)(4,p)(0,p))-0p = (Do (4,0) (0, 9p))-0p > 5 [19plI*;

o if t €[5, 0L (D(r o ¢1)(q,)(0,p)).0p = (Dip iy (g, 0) (0, 9p))-dp < 5 [|dp]*.
Now let us fix t € [—e0,20]\{0}, ¢ € M and let us consider ¢;(B,(q, ]Ttﬂo)) Then
7(pi(By(q, %))) is in the same chart as ¢ and :

o if t €]0, 0] : V(4. p) € Bu(a, i), (D(m 0 @1)(a,0)(0,8p)).0p = F0p]*;

o if t € [~20,0[: ¥(g,p) € Bulg, ), (D(m 2 ¢1)(¢,9)(0,6p)).p < §1|5p||*.

On another side, we have :
(q,p1), (¢,p2) € Bu(a, 50), (7 0 0e(q, p2) — 7 0 0e(q, p1))-(p2 — p1) =

1
(/0 D(m o ¢t)(q,p1 + s(p2 — p1))(p2 —pl)d3> (p2 — p1)ds.

We deduce :
o if t €]0,20] : V(q,p1), (0, p2) € Bulg, i), (o @e(a,p2) — w0 0e(q,p1))-(p2 — 1) >
ct 2.
5“192 —p1H ;
o ift € [~e0,0[: V(. 1), (0, p2) € Bula, ), (mowe(q, p2) —mope(a, p1))-(p2—p1) <
Flp2 = .

Finally, 7 o ¢; is injective in B, (q, & T Q).
Moreover, we have seen that :

V(g,p) & K, Ha(g,p) ¢ K = Vt € R,V(0,0p), Dpi(q, Ap)(0,p) = Dpir(q,p)(0,dp).
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Hence the tangent space to the Lagrangian submanifold ¢;(B,(q, %‘0) is everywhere

transverse to the vertical. Finally, ¢;(B,(q, %) is the graph of a C'! function above
a part of M, hence the graph of the differential of a C? function that we call again :
Gt.q : Ktq — R such that g;4(q) = 0.

Moreover, K; 4 is a homeomorphic to a d-dimensional closed ball and contains the
(topological) sphere S(q) = {0z, (¢, p); [Ip|| = R} fort > 0 and §'(q) = {p—<,(q,p); [Ipll =
R} for t < 0; then it contains the connected component D(q) of M\S(q) (resp.
M\S'(¢q)) which is contained in the chart. Let us notice that this domain is inde-
pendant of ¢ and depends continuously on ¢. Hence there exists » > 0 such that :
for every q € M, for every t € [—eo,e0]\{0}, gt is defined on the closed ball of M
centered at ¢ with radius r; we denote this ball again by D(g) and from now we will
consider g;, : D(q) — R.

Then for every ¢ € M and every Q € D(q), D?g:4(Q) is a symmetric matrix
(in coordinates) whose graph is the image of the “linear vertical” ker D7 (q,p) by

Dyi(q,p) (for a p € Bv(q,%)). We have proved before that for ¢ > 0 : V(q,p) €

Bv(q,%),%|]5p||2 < (D(m o ¢¢)(g,p)(0,0p)).0p < 2C’t||5p|]2. Moreover, in a similar

way, we can deduce from the Hamilton linearized equations that in Mr-,, D(m, o ¢;)
[t

is (uniformly) very close to the identity. Then :
1

vt €]0,¢0],Vq € M,VQ € D(q), 40

4
0] < D21,g(@)(v,0) < —|lv]?
and :

_ 4 1
vt € 20,01, Ya € M,YQ € D(g), — |lll* < D2014(@)(v,0) < - [lo]

0

Now we choose a eventually smaller €y > 0 such that : K < ﬁ where K is the
constant of semi-concavity of u. Then we have (in coordinates) for ¢ €]0, go] :
9t.q(Q + h) = 91,4(Q) = dgrq(Q)h + ﬁHth%
w(Q + h) —u(Q) < ph + K||h||?> where p is a K-super-differential of u at Q;
hence :
(91, = W)(Q +h) = (grg — w)(Q) > (dgrq(Q) = P)h + (g7 — K) [IBl1> > (dgeo(Q) — p)B;
having a support linear form at every point, g; , — v is convex, and even strictly convex
if we have asked : K < ﬁ; in this case g; 4 — v has at most one minimizer and hence
there exists at most one @@ € D(q) such that 0 is a super-differential of u — g4 at @,
i.e. such that dg.4(Q) is a super-differential of u at @, i.e. such that dg: (Q) € E(u).
If such a @ exists, then (Q, dg; 4(Q)) € E(w)Npi(V(q,0)), i.e. is the point that we want
to find to conclude the proof of this subsection.
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Hence we only have to prove that g;, — v has a minimum in the interior D(q) of
D(q). Let us notice that :

e on M, u is uniformly bouded : ||ulcc < Cy;

e there exists a constant Cy such that : for t € [—eg,e0] and g € M, ||dgi4(q)| =
1y 0 (@) < Co;

e for every Q € D(q) and t €]0,¢¢], we have : ¢ 4(Q) = fol dgeq(q+s(Q —q)(Q —

a)ds = [} (dgu.o(a)(@ = ) + 5 o D2guq(a+57(Q — 0))(Q — 4,Q — q)dr ) ds and

then g;,4(Q) > —C2||Q—q||+ 55 Q@ —q||*. Taking ¢ > 0 small enough (uniformly),
we obtain that g; 4 is very big on the boundary 0D(q).

As we know that g; 4(q) = 0, we deduce that the minimum of g; ;, — u is attained in the
interior of D(q) and finish the proof.

2.3 Proof that ¢;(£(u)) is a Lipschitz graph

We have proved that for ¢ €]0,e0], ¢_¢(E(u)) is a graph above M. Because this graph
is compact (£(u) is compact), it’s the graph of a continuous section s; : M — T*M.
We have to prove that s; is Lipschitz. We may eventually change £y in such a way that
K < o

We will use the so-called Bouligand’s paratingent cone :

DEFINITION. Let E be a subset of T*M. The paratingent cone to E at (¢,p) € E
is defined (in chart but it doesn’t depend on the chart) as the subset of T{, ) (7" M)
whose elements are the limits of the sequences :

(i(qn —qn), = (pn — pg))neN with t, € R%., qn, ¢y, P, P, € E and lim g, = lim g}, = ¢,
limp, = limpj, = p. It is denoted by C(,,)E.

If (¢,p),(¢',p") € E(u) are in a same chart, we have seen that : (p' —p)(¢' — ¢q) <
2K||q’ — q||*. We deduce that for all (§q,dp) € Clgp)€(u), we have : dp.5q < 2K ||5q|)*.
Moreover, we know that for every (q,p) € £(u), there exists gy € M such that ¢ € D(qo)
and p = dgs.q,(q). We have seen too that : D2g; 4 (q)(v,v) > 2 |v||%. Hence, because
2K < % < é, if 7(q,p) is the set of the lines contained in the tangent space to the
graph of dg; 4, at (q,p), we have : T (q,p) N Cyp)E(u) = 0.

If V(q,p) = ker D7r(q,p) designates the linear vertical and Py (g, p) the set of the
lines contained in V(q,p), we deduce from the previous inequality that : Py (q,p) N
C(q,p) (p-t(E(w))) = 0.

Finally, we have proved that the paratingent cone to ¢_;(€(u)), which is the graph
of s¢, contains no vertical line. Let us deduce that s; is Lipschitz. We assume that there

are two sequences of points (¢n, pn), (¢}, p),) of ¢_+(E(u)) such that lim %75"9 = 4-00.

n>4n

Using a subsequence, because ¢_;(E(u)) is compact, we may assume that the two
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sequences converge. Then necessarily (¢,) and (¢),) have the same limit (because
the previous limit is +oo and ||p), — pn|| is bounded). Hence by continuity of s,

(pn) and (pl) too have the same limit. But if we write t, = ||p, — pl,|| and if we
p/n*pn
P —pnll

use a subsequence in such a way that ( ) converges to a u, we obtain that

1
lim —(q), — qn, p), — Pn) = (0,u) is in the paratingent cone to ¢_(E(u)) at (g,p), it

n—oo ty,
contradicts the fact that this paratingent cone contains no vertical line. Hence s; is

Lipschitz.

2.4 Proof that ¢;(€(u)) is an exact Lagrangian Lipschitz
graph

We have to prove that there exists a C! function (hence it will be C1'1) u; : M — R such
that s; = duy. It is enough to prove that for any closed Lipschitz arc v : [a,b] — M,
then f; s¢(y(1))¥(7)dT = 0. Let us define a closed loop of T*M by : V7 € [a,b],n(T) =

(m(7),m2(7)) = @e(v(7), s¢(v(7))). The arc v being Lipschitz and s; being Lipschitz,
the arc 7 is Lipschitz too. Hence we can define fn A where A is the Liouville 1-form.

The flow being exact symplectic, we have : [ A = f; st(y(7))¥(7)dr. We are reduced

to compute [ A = ff no (TN (T)dT.
Let us recall that n is a closed Lipschitz arc drawn on £(u); then ny(7) is a K-super-
differential of u at n;(7) and :

u(m (7 +67)) = u(nu(r)) < m(7)(m (7 +67) = nu (7)) + Kl (7 + 67) — ma(7)||*.

Moreover, u, 11, 72 and hence u o7 are Lipschitz, then (Lebesgue) almost everywhere
derivable. If 7 is a point where u o n; and 7n; are derivable, we obtain by dividing by
dt (positive or negative) and taking the limit when ¢ tends to 0 :

L (wom)(r) =na(r)m(r) and by integration :

b b
[ m@in(rdr = [ Lo m) @ = um®) - ulm(@) =o.

3 Existence of subsolutions
Let us recall some well-known facts concerning the weak K.A.M. solutions, that the
reader could find in [7] :

1. if H : T*M — R is a Tonelli Hamiltonian defined on the cotangent bundle of a
compact and connected manifold M, there exists a unique ¢ € R such that the
equation H(q,du(q)) = ¢ has weak K.A.M. solutions;
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2. a weak K.A.M. solution of this previous equation is a semi-concave function
u : M — R such that, at every point of ¢ of M where u has a derivative :

H(q, du(q)) = ¢;
3. ifu : M — R is a weak K.A.M. solution, at every ¢ € M, for every super-
differential p of u at g, we have : H(q,p) <c¢,i.e: ¥(q,p) € E(u),H(q,p) <¢;

4. a subsolution for H is a semi-concave function v : M — R such that at every
point where u is derivable, we have : H(q,du(q)) < ¢ where c is the same as in
item 1.

Let us now prove corollary 2. The function H : T*M — R being a Tonelli Hamiltonian,
there exists at least one weak K.A.M. solution v : M — R. Then, by theorem 1, there
exists € > 0 such that for every ¢t €]0,¢], p_+(E(u)) is an exact Lagrangian Lipschitz
graph. Hence there exists a O function v; : M — R such that ¢_;(£(u)) is the
graph of dv;. Then, for every ¢ € M, we have : H(q,dvi(q)) = H(pi(q,dve(q))) < ¢
because (g, dvi(q)) € E(u) and u is a weak K.A.M. solution. We have proved that v,
is a O subsolution.

4 Proof of proposition 3

We denote by L : TM — R the Lagrangian associated to the Tonelli Hamiltonian H.
We recall the definition of the semi-group (73)¢>0 :

t
Tru(g) = max(u(q) - Ale,¢) where = Au(g,¢) vain/o L(7(s),7(s))ds
where the minimum is taken on the set of curves v € C2([0, ¢], M) which satisfy v(0) = ¢
and v(t) =¢'.
P. Bernard proved in [2] that if u is semi-concave, for ¢ > 0 small enough, Tyu is
CU1. We choose such a t. Let us recall that there exists a constant K; = K > 0
(see [1]) such that the function A; is K-semi-concave (in the two variables). Moreover,
for every v : [0,¢] — M joining ¢ to ¢’ which minimizes the Lagrangian action,
(—g—ﬁ(q, 4(0)), g—ﬁ(q’, 4(t))) is a K-super-differential of A; at (q, q’)u.

Let us consider gy € M and let us use the notation : v = Tiu. The function v
being C11, qo is a point of differentiability of v. There exists ¢ € M such that :

v(qo) = u(q1) — A¢(qo,q1). Then :
Vq € M7U(q) > u(ql) - At(%Ql) = ’U(CIO) + At(qo,éh) — At(q, CII)

hence (in chart) :

0L

Vg € M,v(q) — v(q0) > Ai(q0.¢1) — Ai(q, q1) > %(QO,WO))(QO —q) — Kllqo — qlI?
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where v : [0,¢] — M is any C?-arc minimizing joining o to qi.

As v is differentiable at qqg, it has at most one K-sub-differential and then the minimiz-
ing arc «y is unique. It implies (see the second appendix of [1]) that A; is differentiable
at (qo,q1). And we have :

Vg € M,v(q0) = u(q1) — Ai(qo, q1) > ulq) — A¢(qo, q)-

Hence (in chart) :

oL )
Vge M, %(qu(t))(q —q1)+ Kllg1 — q|* > Ai(q0,9) — A(q0, 1) > u(q) — u(qr)

and then g—i(ql, 4(t)) is a super-differential of u at q;.
Finally, we have proved that :

o dv(q0) = G5 (q0,%(0));
° %(QL 4(t)) is a K-super-differential of u;

therefore : G(v) C ¢_4(E(u)). We have proved before that for ¢ > 0 small enough,
¢_1(E(u)) is a graph; hence necessarily we have G(v) = ¢_;(E(w)), ie. G(Tiu) =
o (£ (). v

REMARK. Let us note that the section 2.1 and the fact that G(Tyu) C ¢—(€(w)) implies
directly that 7 o ¢4 (E(u)) = M and give another proof if the subsection 2.2.

15



References

1]

P. Bernard.The dynamics of pseudographs in convex Hamiltonian systems. J.
Amer. Math. Soc. 21 (2008), no. 3, 615-669.

P. Bernard. Existence of C'»! critical sub-solutions of the Hamilton-Jacobi equation
on compact manifolds, to appear in Annales scientifiques de ’ENS.

G. Bouligand. Introduction a la géométrie infinitésimale directe (1932) Librairie
Vuibert, Paris.

M. Chaperon. Lois de conservation et géométrie symplectique. (French) [Conserva-
tion laws and symplectic geometry] C. R. Acad. Sci. Paris Sér. I Math. 312 (1991),
no. 4, 345-348.

M. Crandall & P.-L.. Lions. Viscosity solutions of Hamilton-Jacobi equations.
Trans. Amer. Math. Soc. 277 (1983), no. 1, 1-42.

A. Fathi. Théoreme KAM faible et théorie de Mather sur les systemes lagrangiens.
(French) [A weak KAM theorem and Mather’s theory of Lagrangian systems] C.
R. Acad. Sci. Paris Sér. I Math. 324 (1997), no. 9, 1043-1046.

A. Fathi, Weak KAM theorems in Lagrangian dynamics, book in preparation.

A. Fathi & A. Siconolfi . Existence of C! critical subsolutions of the Hamilton-
Jacobi equation. Invent. Math. 155 (2004), no. 2, 363388

A. Ottolenghi & C. Viterbo. Solutions généraliséees pour 1’équation d’Hamilton-
Jacobi dans le cas d’évolution. Preprint 1994

16



