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Abstract

Let L : TM — R be a Tonelli Lagrangian function (with M compact and connected
and dim M > 2). The tiered Aubry set (resp. Maiié set) AT (L) (resp. NT(L)) is the
union of the Aubry sets (resp. Mané sets) A(L + ) (resp. N(L + \)) for A closed
1-form. Then :

1. the set NT(L) is closed, connected and if dim H'(M) > 2, its intersection with
any energy level is connected and chain transitive;

2. for L generic in the Mané sense, the sets AT (L) and N7 (L) have no interior;

3. if the interior of AT (L) is non empty, it contains a dense subset of periodic points.

Then, we give an example of an explicit Tonelli Lagrangian function satisfying 2 and
an example proving that when M = T2, the closure of the tiered Aubry set and the
closure of the union of the K.A.M. tori may be different.

Résumé

Soit L : TM — R un lagrangien de Tonelli (avec M compacte et connexe et dim M >
2). L’ensemble d’Aubry (resp. de Mané) étagé AT (L) (resp. NT(L)) est la réunion
des ensembles d’Aubry (resp. de Mané) A(L + A) (resp. N(L + \)) pour A 1-forme
fermée. On montre :

1. NT(L) est fermé, connexe et si dim H'(M) > 2, sa trace avec chaque niveau
d’énergie est connexe et transitive par chaine;
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2. si L est générique au sens de Mané, les ensembles AT (L) et NT(L) sont d’intérieur
vide;

3. silintérieur de AT (L) est non vide, il contient une partie dense de points périodiques.

On donne ensuite un exemple explicite satisfaisant 2 et un exemple montrant que si
M = T2, AT(L) peut étre différent de ’'adhérence de la réunion des tores K.A.M.
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1 Introduction

Let M be a compact and connected manifold endowed with a Riemannian metric; we
assume that dim M > 2. We will denote by (x,v) a point of the tangent bundle T'M
with x € M and v a vector tangent at x. The projection m : TM — M is then
(z,v) — x. The notation (z,p) will designate a point of the cotangent bundle 7™M
with p € T M. and 7 : T*M — M will be the canonical projection (x,p) — x.

We consider a Lagrangian function L : TTM — R which is C'°*° and:

L(z,v
e uniformly superlinear: uniformly on x € M, we have: lim M = +00;
loll—+oo 0]
e strictly convex: for all (z,v) € TM, g%(x, v) is positive definite.

Such a Lagrangian function will be called a “Tonelli Lagrangian function”.

We can associate to such a Lagrangian function the Legendre map £L = Ly : TM —
T*M defined by: L(x,v) = %(m, v) which is a fibered C*° diffeomorphism and the C*>°
Hamiltonian function H : T*M — R defined by: H(z,p) = p (Efl(:r,p)) —L(L7 (2, p))
(such a Hamiltonian function will be called a “Tonelli Hamiltonian function”). The
Hamiltonian function H is then superlinear, strictly convex in the fiber and C*°. We
denote by (fF) the Euler-Lagrange flow associated to L and (®}7) the Hamiltonian
flow associated to H; then we have : ® = Lo fFo L1

If Xis a (C*) closed 1-form of M, then the map Ty : T*M — T*M defined by :
Tx(z,p) = (z,p + A(z)) is a symplectic (C*°) diffeomorphism; therefore, we have :
(@1 = (Ty ' o ®,0T)), ie. the Hamiltonian flow of H and H o T) are conjugated.
Moreover, the Hamiltonian function H o T} is associated to the Tonelli Lagrangian
function L — A, and it is well-known that : (f*) = (f#~") : the two Euler-Lagrange
flows are equal. Let us emphasize that these flows are equal, but the Lagrangian func-
tions, and then the Lagrangian actions differ and so the minimizing “objects” may be
different.

The reader will find the whole necessary mathematical background concerning
Mather set, Aubry set and Mafié set in the section 3.

For a Tonelli Lagrangian function (L or L — \), J. Mather introduced in [16] (see
[14] too) a particular subset A(L — A) of T'M which he called the “static set” and
which is now usually called the “Aubry set” (this name is due to A. Fathi)'. There
exist different but equivalent definitions of this set (see [8] , [10], [14] and section 3) and
it is known that two closed 1-forms which are in the same cohomological class define

'These sets extend the notion of “Aubry-Mather” sets for the twist maps.



the same Aubry set :
(M) = [Xo] € H' (M) = A(L — A1) = A(L — Ag).

It allows us to introduce the following notation : if w € H'(M) is a cohomological class,
Ay (L) = A(L — X\) where X is any closed 1-form belonging to w. A, (L) is compact,
non empty and invariant under (f#). Moreover, J. Mather proved in [16] that it is a
Lipschitz graph above a part of the zero-section (see [10] or section 3 too).

As we are as interested in the Hamiltonian dynamics as in the Lagrangian ones, let
us define the dual Aubry set :

— if H is the Hamiltonian function associated to the Tonelli Lagrangian function L,
its dual Aubry setis A*(H) = L (A(L));

— if w € H'(M) is a cohomological class, then A% (H) = L1 (Ay(L)) is the w-dual
Aubry set; let us notice that for any closed 1-form A belonging to w, we have :

Ty(A*(H o Ty)) = AL, (H).

These sets are invariant under the Hamiltonian flow (/).

Another important invariant subset in the theory of Tonelli Lagrangian functions is
the so-called Mather set. For it, there exists one definition (which is in [10], [14], [15]) :
it is the closure of the union of the supports of the minimizing measures for L; it is
denoted by M(L) and the dual Mather set is M*(H) = L,(M(L)) which is compact,
non empty and invariant under the flow (®/7). As for the Aubry set, if w € H'(M) is a
cohomological class, we define : M,,(L) = M(L—\) which is independent of the choice
of the closed 1-form A belonging to w. Then M} (H) = L1, (M (L)) = Th(M*(HoT)))
is invariant under (®); we name it the w-dual Mather set.

In a similar way, if N'(L) is the Mané set, the dual Mané setis N*(H) = L,(N(L));
we note that if w € H*(M) and A € w, then Nyy(L) = N (L — \) is independent of the
choice of A € w and then the w-dual Mané set is Nj'\(H) = L (Nw(L)) = Th(N*(H o
Ty)); it is invariant under (®/7), compact and non empty but is not necessarily a graph.

For every cohomological class w € H'(M), we have the inclusion : M} (H) C
A% (H) C Ni(H). Moreover, there exists a real number denoted by a(w) such that :
Nz(H) € H Y (ag(w)) (see [3] and [15]), i.e. each dual Maifié set is contained in an
energy level. For w = 0, the value ay(0) is denoted by ¢(L) and is named the “critical
value” of L.

DEFINITION. If H : T*M — R is a Tonelli Hamiltonian function, the tiered Aubry set,
the tiered Mather set and the tiered Mané set are :

AT(L) = U Aw(L); MT(L) = U Mw(L); NT(L) = U Nw(L)

weH (M) weH (M) weH (M)
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Their dual sets are :

Alm) = | AyE); MImE) = | MuHE): NHEH) = | NiH).
) )

weH (M weH (M weH (M)

We shall prove in proposition 13 that the map w — N (L) is upper semi-continuous
(roughly speaking, these sets are “minimizing objects” ), therefore NI (H) is a closed
subset of T*M. It is unknown if such a result is true or false for the Aubry sets (see
[17]). Concerning the topological structure of the tiered Mané set, we have :

Proposition 1 Let H : T*M — R be a Tonelli Hamiltonian function. Then NI (H)
is closed, connected and if dim H' (M) > 2, for every h € R, the set NI (H)NH~1(h) is
compact, connected and the restriction of (®f1) to NI (H)NH~(h) is chain transitive.

Examples : 1) At first, let us consider the most simple completely integrable Hamil-
tonian function : M = T" and H(z,p) = 1||p||>. In other words, we consider the
geodesic flow on the flat torus. Then we have :

Vw € H' (M), M, (H) = A, (H) = Niy(H) = {(,p);p = po}

where pg is a constant 1-form; i.e. each of these sets is an invariant Lagrangian torus,
and all these sets fill up the phase space T*T" = AL (H) = MT(H) = NI (H).

2) If we perturb a completely integrable Hamiltonian system for the C* topology, we
know that many invariant tori will persist (theorems K.A.M.) : they are dual Mather,
Aubry and Mané sets for certain cohomological classes. The weak K.A.M. theorems
(see [10]) give an answer to the following question : what did happen to the invariant
tori which disappeared during the perturbation? They prove the existence of positively
invariant graphs above the zero section (which are not continuous, but in a certain sense
Lagrangian), each of these graphs containing one dual Aubry set A%(H) (which is in-
variant by the Hamiltonian flow (®{7)) and possibly some pieces of the stable manifold
of this Aubry set.

For the unperturbed system (completely integrable), we have shown that the Aubry
sets fill up the phase space; but we shall prove that this situation si not generic (the
definition of genericity is just after the theorem) :

Theorem 2 Let H : T*M — R be a C™ generic Tonelli Hamiltonian function?.
Then there exists a dense Gs subset G(H) of R such that for every h € G(H), then
AT(H) N H=Y(h) has no interior in H='(h);
in particular, the interior of AT(H) is empty.

2Let us recall that we assume that dim M > 2; the result is false if dim M = 1.



In 1996, R. Mané introduced the notion of “generic Lagrangian function ” in [13]:

“a certain property holds for a gemeric Lagrangian L if, given a strictly convex and
superlinear Lagrangian Lo, there exists a residual subset O C C°(M) such that the
given property holds for every Lagrangian L of the form L = Lo+, ¥ € O”.

Then we define (it is the dual definition for the Hamiltonian functions) :

DEFINITION. A certain property holds for a generic Hamiltonian H if, given a Tonelli
Hamiltonian function Hy, there exists a residual subset O C C°°(M) such that the
given property holds for every Hamiltonian H of the form H = Hy — 9, ¢ € O.

The theorem 2 proves that in the sense of the Baire’s category the tiered Aubry
set is small (it is not true for the measure category when M = T™ : see the (strong)
K.A.M. theorems). We may ask ourselves the same question for the Mané set. Let us
recall :

DEFINITION. If A is a closed set invariant under the flow (®), its stable manifold
We(A, (@) (resp. its unstable manifold W¥(A, (®/))) is defined by :

WH (A, (@) = {§ € T"M; lim_d(®;'(€), A) =0}

(resp :
WA, (@) = {¢ € T*M; lim_d({'(€), A) = 0}).

Then it is known that N (H) C W*(AX(H); (®H)) N WA (H); (9F)) (see [10]
for example); we obtain :

Corollary 3 For H : T*M — R generic, the set W* <.Az(H), (@f{))UW“ (A*T(H), (@f))

has no interior; in particular, the tiered Mané set N.X' (H) has no interior.

REMARK. A usual default of the genericity results is that in general, one proves these
results by using Baire’s theorem but one cannot exhibit one single example of a “generic
object”. It is not the case of our result, and we obtain easily examples of such “generic
Tonelli Hamiltonian functions”. Let us consider a Hamiltonian function H whose flow
is Anosov on every regular energy level (for example the geodesic flow on a surface with
negative curvature). Then the restriction of the Hamiltonian flow to every connected
regular level is transitive; therefore, if ¢ is the critical value of H, the set D of the
points p of T*M whose orbit is dense in their energy level E, above c is a dense G
subset G of {x € TM; H(x) > c}. But it is known that every orbit of a point of NI (H)
is a lipschitz graph above a part of the zero section, and therefore doesn’t meet G : its
interior is then empty.



Before proving theorem 2, we shall prove the two following results, the first one
explaining in particular what happens in the “non generic case” (when the interior of

AT(L) is non empty), the second one stating precisely which generic property we need :

Proposition 4 Let L : TM — R be a Tonelli Lagrangian function; then the interior
of AT(L) has a dense subset of periodic points with period in N* whose orbits are graphs
above a part of the zero section, and have no conjugate point.

Proposition 5 For the Tonelli Lagrangian functions, the following property is generic :
“if P is a periodic orbit which is a graph above a part of the zero section, which has no
conjugate point and whose period is an integer N > 1, then :

o cither P is hyperbolic and isolated among the N -periodic orbits;

e or in every neighborhood of P there exists an open subset of points whose orbit
has conjugate points”.

As we know that every orbit contained in AT (L) has no conjugate point (see section
2 for details), the last assertion of theorem 2 is an easy consequence of propositions 4
and 5. Then, we use a standard Baire argument to deduce the first assertion of theorem
2 (see the end of section 4 for the details).

Let us now mention and comment on some related results (in these results, the
notion of genericity is not exactly the one which we defined before) :

1. in [12], M. Herman proved that for C* generic exact symplectic twist maps of
the annulus 7*T!, there doesn’t exist any invariant curve containing a periodic
point (section 1.5) : it implies that for such a generic twist map, the closure of
the union of the Aubry-Mather sets has no interior;

2. in [11], M. Herman announced : for the C*° generic exact symplectic diffeomor-
phisms f of T*T™ which are homotopic to the identity, if I(f) is the closure of
the union the invariant K.A.M. tori, then I(f) has no interior;

3. I proved in [2] that the generic C*° symplectic diffeomorphisms of any compact
symplectic manifold verify : “the closure of the union of the periodic K.A.M. tori
in equal to the closure of the set of the completely elliptic periodic points”; this
implies of course that for such a generic symplectic diffeomorphism, the closure
of the union of the K.A.M. tori has no interior.

We may ask ourselves the following question : when M = T", is our set (the closure
of AT(L)) different from the one introduced by M. Herman in [11]? Let us give a
definition :

DEFINITION. Let H : T*T™ — R be a Tonelli hamiltonian function. A K.A.M.
torus for H is a Lagrangian C'*° graph G above the zero section which is invariant by



(®H) and such that the restriction of the flow to G is conjugated to an ergodic flow :
(0 — 0+ ta).
The closure of the union of the K.A.M. tori for H is denoted by Z(H).

These K.A.M. tori are in fact Lipschitz graphs and on every compact, the Lipschitz
constant may be chosen uniformly (it is only an adjustment of the results of [11]).
Moreover, it is proved in [10] that every exact Lagrangian invariant C! graph is the
graph of the derivative of a so called “weak K.A.M. solution”, and therefore every
Lagrangian invariant C! graph meets an Aubry set (for a certain cohomology class); if
such a Lagrangian graph is a K.A.M. tori, it is in fact a Aubry set (because its dynamic
are minimal). We deduce : Z(H) c NI (H).

We shall build an example such that the tiered Aubry set is not in the closure of
the union of the K.A.M. tori :

Proposition 6 There exists a C* Tonelli Lagrangian function L : TT? — R and an
open subset U of C>(T?) which contains 0 such that : for every 1 € U, there exists
a periodic orbit P for ( tL+w) which belongs to AT (L + 1) , but L1 (P) is not in the
closure of the union of the K.A.M. tori for H — ¢ (H is the Hamiltonian function
associated to L ).

REMARK. This result is not very surprising; it corresponds to the existence of Birkhoff
instability regions for twist maps : in these regions, there exist periodic orbits which
are some Mather sets, but there exists no “K.A.M. curve”.

2  Peierls barrier, Mané potential, Aubry and
Mané sets, proof of proposition 1

We gather in this sections some well-known results; the ones concerning the Peierls
barrier are essentially due to A. Fathi (see [10]), the others concerning Mané potential
are given in [13], [5] and [7].
At the end of this section, we prove some new results and proposition 1.

In the whole section, L is a Tonelli Lagrangian function. At first, let us introduce
some notations (we simplify the notation of the critical value : ¢ = ¢(L)) :

NOTATIONS.

e given two points z and y in M and T > 0, we denote by Cr(z,y) the set of
absolutely continuous curves v : [0,7] — M with v(0) = z and v(T) = y;

e the Lagrangian action along an absolutely continuous curve v : [a,b] — M is
defined by :

b
Aply) = / L(y(t), 4(t))d;



e for each t > 0, we define the function hy : M x M — R by : h(z,y) =

inf{AL+c(7);7 € Ce(z,9)};

e the Peierls barrier is then the function A : M x M — R defined by :

h(z,y) = liminf hy(z, y);

e we define the (Mané) potentialm : M x M — R by : m(z,y) = inf{Ar.(7);7 €

UrsoCr(x,y)} = inf{hs(z,y);t > 0}.

Then, the Mané potential verifies :

Proposition 7 We have :

1.
2.

m is finite and m < h;

Va,y,z € M,m(x,z) < m(z,y) +m(y,z);

3. Vx e M,m(z,z) =0;

4.

5. if My = sup{L(z,v);||v|| <1}, then : Vz,y € M, |m(x,y)| < (M1 + ¢)d(z,y);
6.

if v,y € M, then m(z,y) + m(y,x) > 0;

m : M x M — R is (M + c)-Lipschitz.

Now we can define :

DEFINITION.

e a absolutely continuous curve v : I — M defined on an interval I is a ray if :

V[a, b] clI, AL+C(7\ [a,b}) = h(b—a) (’7(‘1)7 V(b))a
a ray is always a solution of the Euler-Lagrange equations;

a absolutely continuous curve v : I — M defined on an interval I is semistatic
if :

V[CL7 b] clI, mc(V(a)a 7(b>) = AL+C(’Y|[a,b]);
a semistatic curve is always a ray;

the Mané set is then : N(L) = {v € TM;~, is semistatic} where 7, des-
ignates the solution v, : R — M of the Euler-Lagrange equations with initial
condition v for ¢t = 0; N'(L) is contained in the critical energy level;

a absolutely continuous curve v : I — M defined on an interval [ is static if :

Vla,b] C I, —=me(v(b),v(a)) = Arte(Vap);
a static curve is always a semistatic curve;
the Aubry set is then : A(L) ={v € TM;~, is static}.



The following result is proved in [7] :

Proposition 8 Ifv € TM is such that )4 s static for some a < b, then v, : R —
M s static, i.e. v e A(L).

The Peierls barrier verifies (this proposition contains some results of [9], [10] and [4]) :

Proposition 9 (properties of the Peierls barrier h)
1. the values of the map h are finite and m < h;
2. if My = sup{L(z,v);||v| <1}, then :

Va,y, 2’y € M, |h(z,y) — h(z',y)| < (M1 + ¢)(d(z,2") + d(y,y));

therefore h is Lipschitz;

if x,y € M, then h(x,y) + h(y,z) > 0; we deduce : Yx € M, h(zx,x) > 0;
Vao,y,z € M,h(z,z) < h(z,y) + h(y, 2);

Ve € M,Vy € m(A(L)),m(z,y) = h(xz,y) and m(y,x) = h(y,z);

Ve e M,h(z,z) =0 <=z € n(A(L)).

S S S

The last item of this proposition gives us a characterization of the projected Aubry set
m(A(L)). Moreover, we have :

Proposition 10 (A. Fathi, [10], 6.3.3) When t tends to +o00, uniformly on M x M,
the function h; tends to the Peierls barrier h.

A corollary of this result is given in [7] :
Corollary 11 ([7], 4-10.9) All the rays defined on R are semistatic.

Let us give some properties of the Aubry and Mané sets (see [14] and [5]) :

Proposition 12 Let L : TM — R be a Tonelli lagrangian function. Then :
e the Aubry and Mané set are compact, non empty and A(L) C N(L);
o the Aubry set is a Lipschitz graph above a part of the zero section;

e if v : R — M is semistatic, then (vy,7) is a Lipschitz graph above a part of the
zero section;

e the w and a-limit sets of every point of the Mané set are contained in the Aubry
set.

We denote by A'(M) the set of (C*) closed 1-forms of M and K(TM) the set of non
empty compact subset of T'M. Let us now prove :
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Proposition 13 Let L : TM — R be a Tonelli Lagrangian function. The map
K : (4, A) € C®(M) x AY (M) = N(L+1¥+ ) € K(TM) is upper semi-continuous.

PROOF OF PROPOSITION 13 :
Let H : T*M — R be the Tonelli Hamiltonian function associated to L. we prove :

Lemma 14 The map (Y,\) € C®(M) x AY (M) — ag_y(\) = (L + ¢ — N) is
continuous.

PROOF OF LEMMA 14 : We use the characterization of the critical value with the
holonomic (probability) measures (see [14] or [7] for the exact definition of holonomic
measure) : —c(L) is the minimum of Ay (x) among the holonomic measures u; then
each such minimizing measures is invariant under (f/) and is contained in the energy
level Ezl(Hfl(c(L))).

To prove that (1, A\) = ag—y(A) = ¢(L 4+ — A) is continuous, we only need to prove
the continuity at (0,0).

As L is superlinear, there exists a compact K C T'M and a neighborhood V of (0,0)
in C°°(M) x A'(M) such that : for every (1, \) € V, for every holonomic measure
such that the support of p meets TM\ K, p is not minimizing for L + ¢ — A. Indeed,
let us fix po any holonomic measure on T'M; there exists a neighborhood Vy of (0,0)
in C®(M) x A'(M) and a constant ¢ € R such that : V(¢,\) € Vo, Apyyp-x(p0) <
¢. Because L is superlinear, there exists a constant C; € R such that : V(i,\) €
Vo, V(z,v) € TM,(L+ ¢ — \)(z,v) < £ = ||v|| < C;. The Hamiltonian function H
associated to L being superlinear too, there exists a constant C' € R such that : if
(¥, A) € VW, if (z,v) and (xg,vp) are in the same energy level for L + ¢ — X and if
lvo]| < Cy, then [jv]| < C. Hence, if (1, ) € Vo, if pir4yp—» is a minimizing measure
for L4+ — X, we have : Apyyp-a(ftr+yp—x) = —c(L +1 — X) < £. It implies that there
exists (z,v) € supp(pr+¢—x) such that (L +1 — X)(z,v) < £ and then [|v]| < C;. But,
[L+—x being minimizing, every point of its support has the same energy as (z,v) and
then : V(X,V) € supp(pr+yp—n), |V < C. We choose K = {(z,v); |[v]| < C}.

We have then to minimize a continuous function u — Apyy—x(p) on a compact set
(the set of holonomic probabilities with support in K), we know that the minimum
depends continuously on (¢, \).

0

From lemma 14 and the fact that N(L) ¢ £L7(H !(c(L))), we deduce that the
Maifié set cannot “explode” : for every (¢,\) € C®(M) x A'(M), there exists a
neighborhood V of (¢, \) and a compact K of TM such that : V(¢',\) € V,N(L +
Y= N)CK.

Let us assume that the proposition 13 is not true. Then there exists a sequence
(¥n, An) in C°(M) x AY(M) which converges to (¥, \) and a sequence (z,,,v,) € TM
converging to (z,v) such that :
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o Vn, (2, vn) € N(L + by + \p);
o (z,v) ¢ N(L+9+N).

As (z,v) ¢ N(L+ ¢+ )N), the arc (t — y(t) = 7o ftL+w+)‘(x,v)) is not a ray for the
Lagrangian L + ¢ + X and there exists [a,b] C R and € > 0 such that :

Arvpia(Map) = héf_qﬁfx(v(a)» () = (b—a)e(L + ¢+ A) +e.

When n tends to the infinite, if we define v, (t) = 7w o ftL“p”J”\" (Tn,vn), then (v, ¥n)
converges uniformly on any compact interval to (7, 7).
We deduce that for n big enough, we have :

L+n+An €
AL+ 420 (Vnllay]) = h(bff) A (@), Y () = (L + Y + M) + 5
therefore =, is not a ray, and then is not semistatic. It is a contradiction. M

We deduce a part of proposition 1 :

Corollary 15 The tiered Manié set NI (H) = U N (H) is closed.
ceEH (M)

Corollary 16 Let L : TM — R be a Tonelli Lagrangian function and let (x,v) € TM
be such that (x,v) ¢ NT(L).Then there exist :

e an open neighborhood U of (z,v) in TM;
e an open neighborhood U of 0 in C*°(M);

such that :
Vi e U, UNNT(L+ 1) =0.

PROOF OF COROLLARY 16 : We know that (z,v) ¢ N7 (L) and that N7 (L) is closed;
thus there exists a compact neighborhood K of (z,v) in TM such that K NN (L) = 0.
Let H be the Tonelli Hamiltonian function associated to L. Then J. Mather proved
(see [15] or [7]) that oy is convex and superlinear. Therefore there exists a convex
compact subset C' of H'(M) and a real R > 0 such that :

° V(CEl,’Ul) € K,H(,CL(l‘l,Ul)) < %;
o Yw € 0C,ag(w) > R.

We deduce from the proposition 13 that if we define : Nye(L) = U Ny (L), then

wedl
the map ¢ € C>®°(M) — Nyc(L + 1) is upper semi-continuous. Therefore, the map

e C®(M) — HoLr(Noc(L+ 1)) = apg—y(0C) is upper semi-continuous too. We
have :

12



e ay(0C) C|R, +oo[;
e the map ¢ € C®°(M) — ay_y(0C) is upper semi-continuous.

Then, there exists a neighborhood U of 0 in C°°(M) such that : Vi) € U,apy_y(0C) C
| R, +00[. Moreover, if U is small enough, we have : Vi) € U, (H—1)oL(K) C]—o0, &[.
These two facts implies that :

o Vi € UVw e HY(M)\C,apg_y(w) > R;
o YV € UV (x1,v1) € K,(H—¢)(Lr(z,v)) < g
Then, if ¢ € U, for every w € HY(M)\C, for every (x1,v1) € K : (w1,v1) ¢ Ny (L+1).

Moreover, the map ¢ € C*°(M) — No(L + ) = U Ny (L) is upper semi-continuous

wel
(proposition 13). There exists a neighborhood V of 0 in C°°(M) such that : Vi) €

V. Ne(L+¢)NK = 0.
We obtain the conclusion of the corollary with &/ NV and the interior of K. []

END OF THE PROOF OF PROPOSITION 1 : Let L be the Tonelli Lagrangian function
associated to H. We have proved in proposition 13 that the map w € H' (M) —
Ny(L) € K(T'M) is upper semi-continuous. Moreover, we know that each Mané set
Nw(L) is connected (and chain transitive). We deduce :

Lemma 17 For every arcwise connected subset C of HY(M), the restriction of (fI)

to U Nuw(L) is chain transitive (U N (L) is therefore connected when C' is closed).
weC wel

PROOF OF LEMMA 17 : Let z, y be two points of U Nw(L) and T > 0, e > 0; we

weC
want to connect z to y via a (¢,T)-chain. Let wy, ws € C be such that z € Ny, (L)

and y € Ny,(L). The set C being arcwise connected, there exists a continuous arc
w : [0,1] — C such that w(0) = w; and w(1) = wp. The map ¢ € [0,1] — Ny (L) is
then upper semi-continuous. Therefore for every ¢y € [0, 1], there exists a(tp) > 0 such
that : Vvt € [0, 1]N]to — a(to), to + a(to)[; P(Nuw(e) (L), Nuw) (L)) < § where we define :

p(A, B) = sup{d(b, A);b € B}.

We deduce : Vt € [0,1]N]tg — a(to), to + a(to)[, d(Nyt) (L), Ny (L)) < § where, if
A,B C TM, we define : d(A, B) = Ii4ng Bd(a, b).
acA,bE

)

[0, 1] being compact, using a finite covering, we find a finite sequence tg = 0 < --- <
ty = 1 such that : Vj, d(J\/'w(tj),Nw(th)) < 5. Then we define a (finite) sequence of
points :

® To =T T2N+1 = Y;

13



o for every j € {0,..., N}, w25, w2541 € Ny (L);
o for every j € {1,..., N}, d(wj_1,725) < §.

Every x; being in the chain recurrent set of U Ny(L) and each z2; being connected
weC
to 9541 by a (5,7) chain of U Nu(L), we obtain easily a chain passing through
welC
Ty X1, ..., ToN+1 = Y. 0

Using lemma 17 for C = H'(M), we deduce that NI (H) is chain transitive and

therefore connected.

To deduce the end of the proof of proposition 1, we assume that dim H'(M) > 2;
in this case, we notice that if h € R, al_fl(h) is arcwise connected (it is either a
convex subset of H'(M) or the boundary of a compact convex subset of H'(M) whose
dimension is at least 2, which is homeomorphic to a connected sphere) and closed.
Moreover, we have :

NIH)NHE (= |J ML)

wEaﬁl (h)

3 Radially transformed set and Aubry set, proof
of proposition 4
DEFINITION. Let T > 0; we define :
e the set Ry (L) of the T-radially transformed points under (f1) is :
Rr(L) = {(z,v) € TM;n(ff(x,v)) = x};

its dual set is then R¥.(H) = L(Rr(L));
e the set Pr(L) is the set of the T-periodic orbits of the Lagrangian flow (fF) :

Pr(L) = {(z,v) € TM; ff(z,0) = (z,0)};

its dual set is then P;(H) = L(Pr(L)).
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We note that Pp(L) C Rp(L) and that if A is a C* closed 1-form, we have :
Pr(L = A) =Pr(L), Rr(L = A) = Rr(L).
Some of the radially transformed points which we described before are minimizing in
a certain sense :

Proposition 18 (and definition) Let \ be a closed C* 1-form of M. Then for every
x € M, the set :

Tr(L, \;x) = {v € Cr(z,2);Vn € Cr(z,z), AL-x(v) < AL-A(n)}

is non empty and each v € I'r(L, \;x) is a solution of the Fuler-Lagrange equations.
Moreover, if u is a closed 1-form such that [u] = [X], then T'p(L, \;x) = Tp(L, pu; ).
This allows us to define for every w € HY (M) : T'r(L,w;z) = Tp(L,\;x) if [\] = w

and :
b RT(L,’UJ;CC) = {(7(0)77(0))77 € FT(L7U};I)} ’

o RT(va) = U RT(L,U/;I‘),’
xeM
the sets Ry (L, w;x) and Ry (L, w) are closed and we have : Ry (L,w) C Ry (L).

This proposition is an easy consequence of Tonelli theorem (see [10]).
Let us explain how the radially transformed minimizing points allow us to approximate
the Aubry set :

Proposition 19 Letw € H'(M), e >0 andlet L : TM — R be a Tonelli Lagrangian
function. Then there exists Ty > 0 such that :

VT > Ty, V(x,v) € Rp(L,w),z € 1(Ay(L)) = d((z,v), Ay(L)) < e.

What this last proposition says is : the family (R (L, w) N 7 (Aw(L)))r>0 of non-
empty compact subsets of TM tends to A, (L) (for the Hausdorff topology) when T
tends to 4+o0o0. This will be one of the main ingredients of our proof of theorem 2,
which will give us some points near the Aubry set but not in the Aubry set (for generic
Lagrangian functions).

PROOF OF PROPOSITION 19 : Let us assume that the result is not true; then we
may find a sequence (7},)nen in RY tending to +oo, a sequence (xy,v,) of points
of Ry, (L,w) N7~ (Ay(L)) such that : ¥n € N, d((zn,vn), Aw(L)) > ¢.

Now we use proposition 10 : let A be a closed 1-form such that [A] = w; then we know
that if we define i : M x M — R by h(z,y) = inf{A;_\ian@w)(7);7 € Ce(z,y)} and
M (x,y) = liminf; 1o b (2, 3), the functions A} tend uniformly to h* when ¢ tends to
+-00; moreover, we know that h* is Lipschitz and zero at every (z,z) with € Ay (L).
If ~,, designates the solution of the Euler-Lagrange equations with initial condition
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(7:(0),9(0)) = (xpn,v,) we have then : h%n(mn,xn) = AL _xtap(w)(Tn) tends to 0
when n tends to the infinite.

The sequence (z,,v,) is bounded (it is a consequence of the so-called “a priori com-
pactness lemma” (see [10], corollary 4.3.2)); therefore we may extract a converging
subsequence : we call it (z,,v,) again and (Zeo,Yoo) is its limit. Let us notice that
Too € T(Aw(L)) because A, (L) is compact. Moreover, we have : d((Zoo, Voo), Aw(L)) >
€.
Let 75 be the solution of the Euler-lagrange equations such that (7s0(0),%x0(0)) =
(oo, Voo). We want to prove that v is static : we shall obtain a contradiction. When
n is big enough, v, (T},) = 7,(0) is close to Y50 (0) and v, (1) is close to 7o (1). Let us
fix n > 0; then we define 'y, : [0,7T}, + 2n] — M by :

° FZ|[0,1} = oo|[0,1]

FZ|[1 149 is a short geodesic joining Yoo (1) to v, (1);

Vt € [1+n,T, +n],Th(t) = y(t — n);

FZHT” e Tot21] is a short geodesic joining v, (7},) t0 Yoo (0).

If we choose carefully a sequence (1,,) tending to 0, we have :
n11—>Hc}o AL—A-‘,—ozH(w) (an) = nh—{go AL—)\—f—aH(w) (’Vn) =0.

Because the contribution to the action of the two small geodesic arcs tends to zero (if
the 7, are well chosen), this implies :

AL stan(w)(Voolo,1]) + 17 (Yoo (1), 700 (0)) < 0,

where m* designates Mafié potential for the Lagrangian function L—\. We deduce then

from the definition of Mané potential that m*(7s0(0), Yoo (1)) + M (Yo0(1), Yoo (0)) = 0

and that : Ar_xia,w) (Vo,1) = MM (Yoo (0), Yoo (1)). It implies then that AL xtanw)(Vo,1) =
—m*(Yo0(1), 750 (0)). Let us notice that, changing slightly I'/,, we obtain too :

Vla, b] € [0, +00f, AL xtag (w) ia) = =11 (Yoo (b), Yoo (@));
therefore v)(g, 1.o0[ is static. To conclude, we use the proposition 8. []

To finish this section we give a result which explains why in general the radially
transformed points are not in a Mané set : in this case, they would be periodic.

Proposition 20 Let L be a Tonelli Lagrangian function and let w € H*(M) be a
cohomology class; then, for every T > 0, we have :

Nuw(L) N Ry (L) C Pr(L) N Ry(L, w) N Ay (L).
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PROOF OF PROPOSITION 20 : By proposition 12, we know that if (z,v) € Ny (L),
then its orbit is a Lipschitz graph above a part of the zero section. Therefore, if
(7,v) € Nw(L) N Ry(L), then the orbit of (x,v) under (fF) is a graph (above a part
of the zero section); as 7(fr(z,v)) = 7w(z,v), we deduce that : fr(z,v) = (z,v) :
(z,v) is T-periodic for (f;), i.e. (x,v) € Pr(L). Moreover, 7, is a ray : therefore it is
minimizing between v,(0) and v,(T) : (z,v) € Rr(L, w).

We deduce from from proposition 12 that every periodic orbit contained in N, (L) is
in Ay (L). Hence (z,v) € Ay (L). 0

Corollary 21 Let L be a Tonelli lagrangian function. Let (x,v) € TM be such that :
(z,v) € Rp(L)\Pr(L) for some T > 0. Then there exist :

e an open neighborhood U of (x,v) in TM;
e an open neighborhood U of 0 in C*°(M);

such that :
vy €U, UNNT(L+ ) = 0.

This result is an easy consequence of proposition 20 and corollary 16.
Let us now prove :

Proposition 22 Let U be a non empty open subset of of TM and L : TM — R be a
Tonelli Lagrangian function. Then :

— either there exists a non empty subset U' C U such that U' N AT (L) = 0);

— or there exists N € N* and a sequence (xn,v,) of different N-periodic points
contained in AT(L) NU such that lim (z,,,v,) = (20, v0); moreover the orbit of
n—oo

every (Tn,vyn) is a graph above a part or the zero section, and has no conjugate
point.

Of course, we deduce proposition 4 from this lemma : if U C AT(L) is a non empty
open subset, we have found (x,v) € U which is periodic, whose orbit is a graph above
a part or the zero section, and has no conjugate point.
PROOF OF PROPOSITION 22 :

Let us consider a Tonelli Lagrangian function L and let U be a non empty subset
of TM. There are two cases :

1. either U N AT(L) = () : we have the first conclusion;
2. or there exists (z,v) € U N Ay(L) for a certain w € HY(M).

Let us choose a > 0 such that B((x,v),a) C U. We know that A, (L) is a com-
pact graph above a part of the zero section such that : T,M N A,(L) = {(z,v)}.
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Therefore, there exists ¢ > 0 such that V(z,v1) € T, M,d((z,v1), Aw(L)) < a =
d((xz,v1), (z,v)) < e. By proposition 19, there exists Ny > 0 such that :

VN > No,¥(z,v1) € Ry(L,w,;z),d((x,v1), Aw(L)) < a.

We deduce that if N > Ny : Ry(L,w;z) C U.
Let us recall that the set Ry(L,w) = U RnN(L,w;y) is a closed subset of T'M
yeM
(proposition 18). Thus there exists a neighborhood Uy of x in M such that : Vy €
Uo, RN, (L, w;y) C U. Another time, we have two cases :
1. either there exist x; € Up and (x1,v1) € Rn,(L,w;x1) such that (x1,v1) ¢
NT(L); NT(L) being closed, we have the conclusion for the set U’ = U\NT(L).

2. or U R, (L, w;y) € NT(L); then by proposition 20, U R, (L,w;y) is a

y€Uo yelo
union of periodic orbits with period Ny contained in A’ (L). These orbits are
graphs above a part of the zero section, and have no conjugate point. []

4 Green bundles, conjugate points and proofs
of of theorem 2 and corollary 3

All the results contained in this section except the last proposition are not new.
Let us recall some definitions :

DEFINITION. Let L be a Tonelli Lagrangian function defined on M and (z,v) € TM :

e the “vertical” at (z,v) € TM is the linear subspace V(z,v) = ker Dr(z,v) of
T(pw)(T'M); the vertical at (z,p) € T*M is the (Lagrangian) linear subspace
V(z,p) = ker D*(x,p) = DLL(V (z,v)) of T(, ) (T*M);

e the orbit of (z,v) has a conjugate point if there exists ¢ # ¢’ such that D L, (V(fE(x,v)))N
V(fF(x,v)) # {0}; then we say that ¢ and ¢’ are conjugate (along the orbit); the
definition is the same for (x,p).

We recall some results of [6] :

Proposition 23 Let (z,v) = (v(tg),%(to)) be a point of a ray v : R — M for L; then
its orbit has no conjugate point.

Proposition 24 Let (z,v) be a point of TM which is not a fized point of the flow (f)
and which has no conjugate point; then there exists two (f) invariant n-dimensional
subbundles of T(T'M), G_ and G4, named the Green bundles defined by :

G-(w,v) = lim Df%(V(éy(x,v) and Gi(w,v) = lim DfE(V(fZ(x,0)).
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Moreover, they are transverse to the vertical and if we define : L_(x,v) = DL(z,v)(G_(x,v))
and Ly (z,v) = DL(z,v)(G4+(x,v)), then : L_(z,v) and Ly (x,v) are Lagrangian, their

sum is contained in the tangent bundle of the energy level of L(xz,v) and their inter-
section contains the Hamiltonian vector field.

Proposition 25 Let (z,v) be a T-periodic point with no conjugate point of (f£) which

is not a fized point of the flow. Then, if the dimension of G_(x,v) + G4 (z,v) is 2n-

1, this orbit is hyperbolic and for every vector W € T(y ,\(TM)\ (G—(z,v) NG (z,v))
(where G_(z,v) and G4 (z,v) designate the Green bundles) : the family (D f(x,v)(W))ier
s unbounded.

Now we shall give a detailed description of the images of the vertical; to do that we
need to introduce some new notions :

DEFINITION. Let Ly, L be two Lagrangian subspaces of T{, ,,) (7" M) which are trans-
verse to the vertical. Then the restrictions of Dr*(x,p) : T(y ) (T*M) — T M to Ly
and Lo are two isomorphisms, named F} and F.
The relative height between L and Ly is then the quadratic form Q(IL;,Ls) defined on
T.M by :

Vox € T, M, Q(Ly, Lo)(6x) = w(F, 1 (6x), Fy H(5x)).

We say that Lo is above L; if Q(IL1,Lo) is positive (i.e. if its index is 0), that Ly is
strictly above Ly if Ly is above L and the dimension of Ly N Ly is 0 i.e. if Q(L1,Lo)
is positive definite and that Lo is semi-strictly above L if Ly is above L; and the
dimension of Ly N Ly is 1 i.e. if Q(L,Ly) is positive with nullity 1.

REMARK. The definition of the height (slightly different because given in a chart) was
given in [1].

Let us recall some results of [6] and [1] :

Proposition 26 We define : V(z,p) = DO (V(®H,(z,p)). Then :

o LetL be a Lagrangian subspace of T(y py(T* M) which is transverse to V (x, p); for
t > 0 small enough : Vi(z,p) is strictly above I which is strictly above V_i(z,p)
(“small enough” is locally uniform in (x,p));

e if 0 < t; < to and the orbit has no conjugate point between 0 and to : Vi, (x,p) is
strictly above Vi, (x,p);

e if 0 <ty < to and the orbit has no conjugate point between —ty and 0 : V_,(x,p)
is strictly above V_y, (z,p);

e if t, t' are strictly positive and the orbit has no conjugate point between —t and
t', then Vy(x,p) is strictly above V_i(x,p).
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A first consequence is the well-known :

Corollary 27 Let (z,p) be a point having no conjugate point for H; then Lo (z,p) is
above L_(z,p).

Another consequence is :

Corollary 28 Let H : T*M — R be a Tonelli Hamiltonian function. Then the subset
U of C®(M) x T*M defined by : U = {(¢, (z,p)) € C°(M) x T*M; there are two
conjugate points for H — 1) along the orbit of (x,p)} is open.

PROOF OF COROLLARY 28 : Let us assume that there exist some conjugate points
along the orbit of (x,p) for H : there exist two real numbers t; < t2 such that
DT, (V(¢f(z,p))) N V(@ (x,p)) contains at least one non zero vector, named Y.
To simplify the notations, we may assume that {1 = 0 and to =T > 0. We may assume
too that 7" is the smallest ¢ > 0 such that 0 and ¢ are conjugate along the orbit of (x, p).
We have :

e if X is a non zero vector belonging to V (x, p)NV_r(x,p) and if Y = D®H (z,p) X,
foru >0, Z=D®" . (V)=D®! (X)e V_r_ (P4, (2,p) NV_(®H,(,p)).

e foru > 0small enough : Z € V_,(® (z,p)), the Lagrangian subspace V_o, (®H, (x, p))
is strictly above V_,(®% (z,p)) (it is the third point of proposition 26); we
choose then u such that u < T; then we have : V_r_,(®f (x,p)) is not above
V_9u(®%,(z,p)) : indeed, Z belongs to V_r_,(®¥ (z,p)) and to a Lagrangian

subspace, V_,(® (z,p)), which is “strictly under” V_o,(®¥ (z,p)).

Finally, we have found (z1,p1) on the orbit of (x,p) and 0 < t; < t2 such that
V_t,(z1,p1) is not above V_y, (z1,p1); this condition is clearly open and implies the
existence of conjugate points (see proposition 26). []

Let us now prove proposition 5 :
Proposition 5 For the Tonelli Lagrangian functions, the following property is generic :
“if P is a periodic orbit which is a graph above a part of the zero section, which has no
conjugate point and whose period is an integer N > 1, then :

e cither P is hyperbolic and isolated among the N -periodic orbits;

e or in every neighborhood of P there exists an open subset of points whose orbit
has conjugate points”.

In the proof of proposition 5, we will prove the following result, which is the main
ingredient of the proof :
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Proposition 29 Let L : TM — R be a Tonelli Lagrangian functions and P be a non
hyperbolic periodic orbit of (fF) which is a graph above a part of the zero section, which
has no conjugate point and whose period is an integer N > 1, then :

in every neighbourhood of 0 in C*°(M,R), there exists a function v such that P is a

7!

periodic orbit for ( with conjugate points.

PROOF OF PROPOSITION 5 : Let H :T*M — R be a Tonelli Hamiltonian function.
Let (U,,) be a countable basis of open and relatively compact subsets of T*M. The
subset Uy, of C*°(M) is the set of ¢ such that U,, contains a point whose orbit under
(@f _d’) has a conjugate point. We deduce from corollary 28 that U, is open. Therefore
Vi = U, U (C*°(M)\Uy,) is an open and dense subset of the Baire space C°°(M) and
G = pen Vn is a dense G subset of C°°(M).

Let us consider ¢ € G and let (x,p) be a N-periodic point for (@ffw) whose orbit is
a graph above a part of the zero section, which has no conjugate point. Let us assume
that there exists a neighborhood U, of (z, p) which contains no point whose orbit under
(@f_¢) has a conjugate point. As 1 € G and v ¢ Uy,, we have : 1 € C°°(M)\Up,.

Let us now consider the orbit of (x,p) : as it has no conjugate points, we can define
the Green bundles L_ and L along this orbit. There are two cases :

1) If these Green bundles are transverse in the energy level, we use proposition 25 :
L_(xz,p) "Li(z,p) = RXg(x,p) where Xp is the Hamiltonian vector field, the orbit
is hyperbolic and the eigenvectors of Dq)ﬁ(:n, p) associated to the eigenvalue 1 are the
vectors of RX g7 (x, p) (because the orbits of the other vectors are unbounded); it implies
that this orbit is isolated among the N periodic orbits.

2) If the Green bundles are not transverse in the energy level, we shall show that we
may add to H —1 = H a small function 1y; € C*(M) to create conjugate points along
the orbit of (x,p); it will imply that ¢ € U,, it is a contradiction with 1) € C™(M)\U,.

Let us now build such a 1. We assume that (x,p) is not a fixed point of the
flow (this case is simpler that the case which we treat); then there exists tg > 0 such
that, if we define : ~v(t) = 7 o ®(z,p), then ¥(ty) # 0; we define : 9 = (to).
We choose C*-coordinates (x!,...,2") in a neighborhood U C M of xq such that if
UNy = {7y(t);t €Jto—¢, to+e[}, then: Vt €]to—e, to+e[, (z1, ..., 2™)(y(t)) = (¢,0...,0).
We work then in the dual (symplectic) coordinates (z!,..., 2" p',... p") on T*U : it

n

means that the point with coordinates (z',..., 2" p',...p") is Zpkdazk. We define a

k=1
function 1 : M — R which is:
— zero on M\U;

— defined in the chart U by: ¢ (z) =n (Z ($1)2> (a:j)2 where 1 : R — [0, 1]
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is a C'* function which is zero outside | — (%)2 , (%)2[ and strictly positive in
g 2 3 2
=5 ()L
Then (x,p) has the same (periodic) orbit I" for ((I)tg) as for (@fpﬂm).
ﬁ+¢1) (

Let us now assume that the orbit of (z, p) has no conjugate point for (@, we shall
show a contradiction). Then we may define along this orbit the Green bundles L' and

LY (for H +41). We shall use :

Lemma 30 We consider (x,p) € I', 7 > 0 and L a Lagrangian subspaces of Tz p) (T*M)
transverse to V(z,p) such that:

a) for everyt € [0,7], quff( L) is transverse to V(ng(:E,p));
b) for everyt € [0, 7], D(;SHH}I( L) is transverse to V(gZ)H(a:,p)).
Then for every t € [0, 7], D(ﬁt (L) is above (semi-strictly above if t > N) chthl (L).

PrROOF OF LEMMA 30 : We begin by proving a version of this lemma for small ¢.
We say that (0x,dp) : R — T(T*M) is an infinitesimal solution along the orbit of (z, p)
for (¢¢) if (6x(t),0p(t)) € Ty, (2 p)(T"M) and (6x(t),dp(t)) = Dei(02(0),p(0)). Let
(6x1,0p1) (resp. (8z0,0po)) be an infinitesimal solution for H + v (resp. H) along T.
They satisfy the so-called linearized Hamilton equations (given in coordinates):

0*H 0*°H : 0*H 0*H 0%y

0ty = 920D ——0x1 + a2 ——50p1; O0p1 = _Wél’l - 8p8$5p1 ~ 02 (z)dx1;
. 9’H O*H O*H O*H
0Ly = 220p —dxog + a2 ——0po; Opg = — 022 dxg — apaxfspo.

We are interested in some infinitesimal solutions having the same initial values: (dz¢(0),dpo(0)) =
(6x1(0),9p1(0)). We deduce from the linearized Hamilton equations that, uniformly

for (z,p) € T close to (xg,po), if the two infinitesimal solutions have the same initial

values, for t close to 0:

0%
0z
Let us assume that we work in a dual chart and that L is a Lagrangian subspace
of Ty p)(T*M) transverse to V(z,p) : then L is the graph of a symmetric matrix S :
§p = Séx. In this chart, the coordinates of ® (x, p) are (2(t), p(t)). For t small enough

D@ﬁ L = L; and D@f T, = L} are Lagrangian subspace of Ty (@) (T* M) which
t )

(%) Ox1(t) = dzo(t) + O(t?);  op1(t) = dpo(t) —t (z)6z1(t) + O(t?).

are transverse to the vertical : they are graphs of S;, S}.
We distinguish two cases (even if they are not exhaustive) :
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a) there exists a > 0 such that the support of ¢ doesn’t meet {z(¢);¢ €]0;al}; in
this case, for every t € [0,a], D¢H (L) = Do T (L):;

b) there exists > 0 such that {z(t);t € [0;«]} is in the interior of the support
of ¥1; let (dzg,dpo) and (dx1,dp1) be some infinitesimal solutions as before such

that : (d20(0), dpp(0)) = (0x1(0),0p1(0)) € L; we have :

6x1(t) = dao(t) + O(t?);  Opo(t) = Si(w,p)dxo(t); Opi1(t) = St (x,p)dxy(t)

2 2
Sp1(1) = Spolt) — 55 @) (1) + O) = (Su(w, ) — ¢5 5 @) () + O
We deduce that : S}(z,p) = Si(z,p) — t%f{j( ) + O(t?); therefore : S;(z,p) —

S}z, p) a symmetric matrix which is positive with nullity 1 for ¢ > 0 small enough.
It is the matrix (in the chart) of the relative eight Q(quHH’l( L), Do (L)); thus,
Dqﬁt (L) is semi-strictly above ngff TYH(IL) for ¢ small enough.

Let us notice that using a limit, we deduce from the case b) that if {z(¢);t €]0; ]} is
in the interior of the support of ¥, we have the same conclusion : then we have dealt
with all the possible cases for (z,p).
Now, to prove the lemma for large ¢, we notice that any symplectic flow preserves
the order between Lagrangian subspaces : if Ly, Lo are such that Ly is above L; and
such that for every ¢ € [0, 7], D¢¢(L1) and D¢ (LLa) are transverse to the vertical, then
the relative height Q(D¢¢(L1), D¢¢(LL2)) has a kernel varying continuously with ¢ and
whose dimension is constant (it is dim(D¢p(L; NLy)) = dim(LLy N 1Lg)); therefore its
index is constant.

Let us now prove the first part of lemma 30. We have proved that there exists

a > 0 such that : for every ¢ € [0, o], qut (L) is above D¢H+w1( L;). Let us define :

71 = sup{R € [0,7];Vt € [0, R], Q(ngHH’l( L), qut (Ly)) > 0}. Let us assume that
71 < 7; at first, we notice that, by continuity, the supremum is indeed a maximum :

Q(ngHWl( L), DqZ)H(]Ll)) > 0, ie. ngH(ILl) is above D¢H+w1( L;); because the

flow preserves the order between Lagrangian subspaces, we deduce that for any u €
[0,7 — 71], D¢T1+U(L1) is above D¢H(D¢H+w1( L;1)); but for v > 0 small enough, we

have : DQSH(DgZ)HWI( L;)) is above D(;Sflrﬁl( 1); therefore, for u > 0 small enough :
71 + u contradicts the definition of 7.

To obtain the “semi-strict” of the lemma, we notice that along a subarc of the
orbit of (z,p) (in the support of 1), we find locally a strict inequality between the
Lagrangian subspaces (it is the case b) before). []

Using this lemma (the vertical is not transverse to itself, but we may use an image
of this vertical), we obtain :
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for every t > N, D@fI(V(q)i(:v,p))) is semi-strictly above D@fﬂpl (V(@fﬁwl (z,p)));
when ¢ tends to +o0, we obtain : Ly (z,p) is above L! (z,p). As Ll (z,p) is invari-
ant under (D@fprwl), we deduce that for every ¢ > 0 : D@f”wl (L+(<I>Ij;rw1 (z,p)))
is semi-strictly above L! (z,p). But by lemma 30 and the fact that Ly(xz,p) is in-
variant under (~D<I>§ ), we know that, for ¢ > N, Li(x,p) is semi-strictly above
D@fﬂpl (L+(<I>Ijt+w1 (z,p))). Finally, Ly (z,p) is semi-strictly above L1 (z, p).

In a similar way, we obtain that L' (z,p) is semi-strictly above L_(x,p). Finally, we
have :

e L, (z,p) is semi-strictly above L! (z, p), i.e Q(L (z,p), L (z, p)) has a 1-dimension
kernel and is positive ;

e L! (z,p) is semi-strictly above L_ (x,p) i.e. Q(L_(x,p),L! (z,p)) has a 1-dimension
kernel and is positive ;

o dim(L_(x,p) NLi(z,p) >2)ie. Q(L_(x,p),Ly(x,p) is positive and the dimen-
sion of its kernel is at least 2.

Therefore :

QLL(z,p),LL(z,p) = —Q(L-(,p), LL (2, p))+Q(L-(z,p), L1 (z,p))~Q(LL (, p), L+ (z,p))

is strictly negative at any vector of ker Q(L_(z,p), Ly (z,p))\ ker Q(LL (z,p), Ly (z,p))
and we obtain a contradiction with corollary 27. 0

PROOF OF THEOREM 2 :

We explained in the introduction how we deduce the last assertion of theorem 2 fom
propositions propositions 4 and 5.

The first part of the theorem is a consequence of the end of the theorem and a result
of Baire’s theory :

we consider a generic Tonelli Lagrangian function. The union R* of the regular level
of H is a dense open subset of R. We denote the set of the regular values of H by V.
Let us consider hy € V; then there exists a diffeomorphism, ® : H~(hg)x] — ¢, e[—
U C T*M such that : Vn €] —¢e,e[,®(H 1(ho) x {n}) = H Y(ho +n). Then A =
O (AT (H)NU) is a closed subset of H~!(hg)x] —¢, e[ which has no interior. Let (U,)
be a basis of non empty subsets of H!(hg). We define : F,, = {n €] —¢,e[; U, x {n} C
(H=Y(ho) x {n}) N A}. As A is closed, F, is a closed subset of | — ¢,e[. Moreover,

as A has no interior, F,, has no interior; therefore F' = U F, has no interior (Baire’s

neN
theorem) and G = ho + (] —€,¢[\F) is a dense G subset of |hg — €, ho + ¢[ such that :
for every h € G, H*(h) N AL(H) has no interior in H~1(h). 0
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PROOF OF COROLLARY 3 : We want to prove that the set

W (AL(H); (91)) U W (AT (H); (@)

has no interior. Let us assume that it is not true and let U ¢ W*(AT(H); (®)) u
WY (AT (H); (®f)) be an open and non empty subset. Using theorem 2, we know that
the open set U’ = U\AT(H) is non empty. By Poincaré recurrence theorem, almost
every point in U’ (for the volume form associated to the symplectic form) is positively

and negatively recurrent. But a point of U’ is in

(W (AT s (@f)) U W (AT(H); () ) \AT(H); ()

therefore, either it is not negatively recurrent or it is not positively recurrent, which
contradicts the fact that U’ is non empty. []

5 Proof of proposition 6

We begin by defining a completely integrable Tonelli Hamiltonian function of T*T?,
whose flow is the “product” of the flow of a pendulum and the geodesic flow of the
circle : if we identify T*T? with the set T x R x T x R, if the (global) coordinates are
(01,p1,02,p2) € T xR x T x R, the Hamiltonian function Hy is defined by :

3

1
Ho(01,p1,02,p2) = =(p + p3) + cos(2mb;) — >

2

then the Hamiltonian flow of Hy is defined by : @flo ((01,p1,02,p2) = (©t(01,p1),%1(02,02))
where (¢) is the flow of the pendulum and (¢;) the geodesic flow of T.
Let w be the cohomological class of the 1-form dfy. Then :

M, (Ho) = A, (Ho) = N,y (Ho) = {(0,0,¢,1);t € T}.

If we perturb slightly Hg, we may obtain a Hamiltonian function H; such that :

1. Ny(Hy) = Nyw(Hp) is a periodic hyperbolic orbit P (in fact, the Manié set Ny, (H)
depends continuously on H);

2. the intersections between the stable manifold W5(P,(®1)) and the unstable
manifold W*(P, (®/)) are transverse in the energy level & = H; 1(0) of P;

3. the surface S = {(01,p1,0,p2); H1(01,p1,0,p2) = 0} is transverse to the flow in
the 0 energy level and near the point (0,0,0,1);
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4. in any neighborhood V of (0,0,0,1) in S, there exists another neighborhood U of
(0,0,0,1) in S such that U C V and such that 60U = 3 U~y U3 U4 where the +;
are some arcs such that : v, U~ys € W9(P, (®71)) and ~o Uy € WH(P, (®F1)) ;
to obtain such a result, we only have to ask that there is a transverse homoclinic
intersection on any local branch of W*(P, (®71))NS and W*(P, (®1))NS : then
we obtain a kind of canvas by arcs of W*(P, (®1)) NS and W*(P,(®1))n S
around (0,0,0,1) in S.

The situation which we just described is in fact open in the following sense :

there exist ¢ > 0 and an open subset U of C°°(M) containing 0 such that : for ev-
ery v € U, for every h € [—¢,e], (Hy + ¢)"Y(h) contains one periodic orbit P' =
P, h), the orbit of &, close to P and in any neighborhood V of & in 8" = S(1,h) =
{(61,p1,0,p2); (H1 +¢)(01,p1,0,p2) = h}, there exists another neighborhood U of £ in
S’ such that U C 'V and such that U = v1 U~y U~y U~y where the v; are some arcs
such that : v U~ys C WE(P', (@) and o U~y € WH(P, (@TY)).

Moreover, there exists a neighborhood V C U of 0 in C*°(M) such that, for every
¥ € V, there exists h = h(¢) €] — e,¢[ such that Ny, (Hy + ¢) = P(¢,h) (we have
seen that the Mané set depends continuously on 1, and an invariant set contained in
a neighborhood of a hyperbolic orbit and in an energy level is necessarily a periodic
orbit). Let us prove that for ¢ € V, Ny, (Hy + ) is not a subset of Z(Hy + ).

Let us consider £ € P(i,h) N S(y,h) and let us assume that there exists a se-
quence of K.A.M. tori (T;);eny such that lim d(¢,7;) =0. Being a Lagrangian in-
1—00

variant torus, each T} is in an energy level (Hy + )~ (h;) with, for i large enough :
h; €] —g,¢[ close to P(1, h;). Moreover, T; is a graph above the zero section. There-
fore, {(01,p1,0,p2); (01,p1,0,p2) € T;} is a curve I'; which is a graph above a circle.
Moreover, this curve passes very close to the point & which is the point of the periodic
orbit P(1, h;) which belongs to S(1, h;). This curve is then a curve which is traced
on S(v, h;), which has points very close to & and other points far from &;. There-
fore it cuts the boundary of any sufficiently small neighborhood of &; in S(¢, h;), and
then contains some points of W#*(P (v, h;), (@fhﬂb)) U WS (P2, hi), (@flﬂb)). This
contradicts the fact that the restriction of the flow to any K.A.M. torus is minimal. []
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